
Parton Distributions in the LHC Era

L Del Debbio

Higgs Centre for Theoretical Physics

University of Edinburgh

L Del Debbio PDFs at LHC Granada, June 2017 1 / 32



Plan

1. PDFs from fitting experimental data

2. progress with quasi-PDF

3. other methods

4. parallel sessions [today - all afternoon]

L Del Debbio PDFs at LHC Granada, June 2017 2 / 32



1. PDF from DIS

kµ = k′µ + qµ

Q2 = −q2

ν = p · q, x = Q2/(2ν)

dσ =
d3k′

|k′|
1

2s(Q2 −m2
N )

Lµν(k, k′)Wµν(p, q)

Wµν(p, q) =
1

4π

∑

X

〈p|jµ(0)†|X〉〈X|jν(0)|p〉(2π)4δ (pX − p− q)

=
1

4π

∫

d4y eiq·y 〈p|jµ(y)†jν(0)|p〉
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Structure functions and PDFs

Wµν(p, q) =

(

−gµν +
qµqν
q2

)

F1(Q
2, ν)+

+

(

pµ − qµ
ν

q2

)(

pν − qν
ν

q2

)

F2(Q
2, ν)/ν

Factorization:

F2(x,Q
2) = x

∑

i

∫

dz

z
Ci (z) fi

(x

z
, µ2
)

= x
∑

i

Ci(x)⊗ fi(x, µ
2)
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DGLAP evolution

• dependence on the factorization scale

µ2
d

dµ2
fi(x, µ

2) =
∑

j

Pij

(

x, αs(µ
2)
)

⊗ fj(x, µ
2)

•Pij

(

x, αs(µ
2)
)

: perturbative Altarelli-Parisi splitting functions

→֒ LO, NLO, NNLO PDFs

• Solution of the evolution equation:

fi(x, µ
2) =

∑

j

Γij(x, αs, α
0
s)⊗ fj(x, µ

2
0)
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PDFs from data: the non-singlet case

Simple example:

FNS
2 (x,Q2) = F p

2 (x,Q
2)− F d

2 (x,Q
2)

= CNS(y,Q
2)⊗ fNS

(

x

y
,Q2

)

where

fNS(x,Q
2) =

[(

u(x,Q2) + ū(x,Q2)
)

−
(

d(x,Q2) + d̄(x,Q2)
)]

combining the evolution and the coefficient function

FNS
2 (x,Q2) =

∫ 1

x

dy

y
KNS

(

y, αs

(

Q2
)

, αs

(

Q2
0

))

fNS

(

x

y
,Q2

0

)

L Del Debbio PDFs at LHC Granada, June 2017 6 / 32



Collider processes

σ(H1H2 → X) =
∑

i,j

∫

dx1dx2 fi/H1
(x1, µ

2)fj/H2
(x2, µ

2)×

× σ̂ij→X(x1x2s, µ
2, µ2R)
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NNPDF3.1 [1706.00428]

L Del Debbio PDFs at LHC Granada, June 2017 8 / 32

http://arxiv.org/abs/arXiv:1706.00428


Gluon distribution - 1
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Quark distribution
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Global fits
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LHAPDF distributions ABM, CT, HERAPDF, JR, MMHT, NNPDF

[http://apfel.mi.infn.it]
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PDF uncertainties for Higgs physics

[plot courtesy of J Rojo]
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PDF uncertainties for new physics

Beenakker et al [1510.00375]
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Summary

• central-x region: error at % level at Q = 100 GeV

• LHC data improve the fits

• LHC Run-2 not included in global fits yet - stat error will improve

• current global fits are robust

• reliable uncertainties needed for precision physics & discovery

• large-x, small-x regions still have large errors

• target for lattice simulations
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2. PDFs and Quasi-PDFs

Mi(ζ, P ) = 〈P |ψ̄(ζ)Γi Pexp

(

−ig
∫ ζ

0
dη A(η)

)

ψ(0)|P 〉

light-cone PDF – ζ = (0, y−,~0⊥):

f(x, µ) =

∫

dy−

4π
e−i(xP+)y− M+(y−, P+)

quasi-PDF, time-independent quantity – ζ = (0, 0, 0, z):

q(x, µ,MN , Pz) =

∫

dz

4π
e−i(xPz)z Mz(z, Pz)

Pz→∞−→ f(x, µ)
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From quasi-PDFs to PDFs

Extracting PDFs from lattice simulations:

• renormalization of the lattice operator

⋄ RI/MOM prescription

⋄ matching to MS
⋄ trace operators and power divergencies

• Euclidean to Minkowski space

• factorization theorem for the renormalized quasi-PDF

• gradient flow
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Lattice perturbation theory

An instructive example (31/5/17) [1705.11193]

• Oi(z) = ψ̄(z)ΓiW (z, 0)ψ(0)

• renormalization pattern: OY
R,i(z) = ZX,Y

ij (z)OX
j (z)

• one-loop computations: Z = 1 + g2CF /(16π
2)Z(1) + . . .

ZLR,MS = 1 +
g2CF

16π2

(

. . .+ e2
|z|
a

+ . . .− 3 log(a2µ2)

)

ZLR,MS
12 = 0 +

g2CF

16π2
(. . .)

• one-loop matching:

CMS,RI = (ZLR,MS)−1 · (ZLR,RI) = (ZDR,MS)−1 · (ZDR,RI)
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RI/MOM prescription

renormalization condition:

OR,i(z) = Zij(z)Oj(z)

Λ(p, z) = S(p)−1
〈

Oi(z)ψ(−p)ψ̄(p)
〉

S(p)−1

Z−1
q

1

12
Tr
[

ΛR,i(p, z)(Λ
tree
j (p, z))−1

]
∣

∣

p2=µ2
= δij

linear divergence from the Wilson line:

Z(z) = Z(z)eδm|z|/a−c|z|

automatically subtracted in this framework

ETMC (1/6/17) [1706.00265], J-W Chen et al (5/6/17) [1706.01295]
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Euclidean/Minkowski

matrix element at t = 0 is agnostic about space-time signature

Mz(z, Pz) = 〈Pz|Oz(z)|Pz〉

computed from different correlators in Euclidean and Minkowski

〈N(τ ′, Pz)Oz(z)N(τ, Pz)〉 = ZZ ′Mz(z, Pz)e
−ωP (τ ′−τ) + . . .

∫

dDy dDy′ ei(P (y′−y)) 〈TN(y′)Oz(z)N(y)〉 ∼

∼ iZ ′

P 2 −m2
Mz(z, Pz)

iZ
P 2 −m2

Carlson et al [1702.05775], Briceno et al [1703.06072]
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Factorization/matching

define a UV finite quasi-PDF - independent of the lattice action used

q(x, µ,MN , Pz) =

∫

dz

4π
e−i(xPz)z Mz

R(z, µ, Pz)

= lim
a→0

∫

dz

4π
e−i(xPz)z Z(z, µa)Mz(z, Pz, a)

factorization/matching

q(x, µ,MN , Pz) = CQ

(

x,
Pz

µ

)

⊗ f(x, µ) +O
(

Λ2
QCD

P 2
z

,
M2

N

P 2
z

)

ΛQCD,MN ≪ Pz ≪ µ, a−1

Ji, Ji et al, Ma & Qiu, Ishikawa et al

L Del Debbio PDFs at LHC Granada, June 2017 21 / 32



First results
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Trace operators

Mellin transform:

A(n) =

∫

dx xn−1q(x, Pz)

given by matrix elements of local operators:

〈P |φ(0)∂ν1 . . . ∂νnφ(0)|P 〉

mixing under renormalization with trace operators

A(n)|trace = 1/(a2P 2
z )

Are there any divergences left after inverse Mellin transform?

Rossi & Testa (14/6/17) [1706.04428]
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Gradient flow

bs
(

n,
√
τPz,

ΛQCD

Pz
,
MN

Pz

)

=

∫

dx xn−1qs
(

x,
√
τPz,

ΛQCD

Pz
,
MN

Pz

)

= CGF(n,
√
τµ,

√
τPz)a(n, µ) +O

(

√
τΛQCD,

Λ2
QCD

P 2
z

,
M2

N

P 2
z

)

ΛQCD,MN ≪ Pz ≪ 1/
√
τ

qs
(

x,
√
τPz,

ΛQCD

Pz
,
MN

Pz

)

=

∫

dξ

ξ
Z̃

(

x

ξ
,
√
τµ,

√
τPz

)

f(ξ, µ)

Monahan & Orginos [1612.01584]
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3. Auxiliary field method

〈ζ(z + λn)ζ̄(z)〉ζ = θ(λ)W (z + λn, z)e−mλ

Bilinear φ(z) = ζ̄(z)ψ(z)

Oi(z) = 〈φ̄(z)Γiφ(0)〉ζ

[Green, Jansen, Steffens - poster]
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Four-point functions

[K-F Liu - poster]
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Feynman-Hellman

Simulate with modified action: L 7→ L+ λJ3

Tµν(p, q) =
1

4π

∫

d4y eiq·y 〈p|Tjµ(x)†jν(0)|p〉

T33(p, q) = −2Eλ(p, q)
∂2

∂λ2
Eλ(p, q)

∣

∣

∣

∣

λ=0

Compute ti = T33(ωi), two recipes to extract PDFs:

ti = 4ω2j
i µj

ti = ǫ
∑

j

Kijfj

Chambers et al [1703.01153]

L Del Debbio PDFs at LHC Granada, June 2017 27 / 32

http://arxiv.org/abs/arXiv:1703.01153


Outlook

• precision determinations of αs and PDFs needed for LHC

• kinematic regions not constrained by data - opportunities for lattice

studies?

• quasi-PDF: renormalization and matching to MS scheme - issues to

be clarified

• what is actually being computed?

• other methods are being explored Orginos et al (18/6/17) [1706.05373]

• aim for % precision in order to have an impact on phenomenology
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Kinematical range
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Gluon distribution - 2
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Impact of LHC data
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Moments

Mellin transform:

a(n, µ) =

∫

dx xn−1f(x, µ)

a(n, µ) related to the matrix elements of local operators:

〈P |O{ν1...νn}|P 〉 = 2a(n, µ)P ν1 . . . P νn − traces

twist-2 operators

O{ν1...νn} = ψ̄(0)γν1Dν2 . . . Dνnψ(0)
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