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Introduction

Reaching a detailed understanding of 

color confinement is one of the central 

goals of nonperturbative studies of QCD.

It is known since long that, in lattice 

numerical simulations, tubelike structures 

emerge by analyzing the chromoelectric 

fields between static quarks. 

Such tubelike structures naturally lead to 

a linear potential between static color 

charges and, consequently, to a direct 

numerical evidence of color confinement.

[Credit: APS/Joan Tycko]
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How to measure the chromoelectric field 

on the lattice?
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To explore on the lattice the field configurations produced by a 

static quark-antiquark pair —> connected correlation function (*)

Wilson loop

Di Giacomo, Maggiore, Oleínik , NPB347(1990)441

q q̄

T = 0

ρ
conn

W

a→0

�! a2g

⇣

hFµνiqq̄ � hFµνi0

⌘

UP = Uµν(x) plaquette in the  (μ,ν) plane

Kuzmenko, Simonov, PLB494(2000)81

Di Giacomo, Dosch, Shevchenko, Simonov, Phys.Rept.372(2002)319

L Schwinger line

N number of colors

(*)
Skala, Faber, Zach, NPB494(1997)293

h iqq̄

h i0

average in the presence of a 

static quark-antiquark pair

vacuum average (expected to vanish)

field strength 

tensor

W

UP

L (Schwinger line)

µ̂

ν̂

d

d/2

xt

ρ
conn

W,µν
=

⌦

tr
�

WLUPL
†
�↵

htr(W )i
�

1

N

htr(UP )tr(W )i

htr(W )i

Fµν(x) =
1

a2g
ρ
conn

W,µν
(x)
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Polyakov loop correlator at T≠0

Polyakov loop

T 6= 0

q q̄

ρ
conn

P,µν
=

⌦

tr
�

P (x)LUPL†
�

trP † (y)
↵

htr (P (x)) tr (P † (y))i

�
1

N

⌦

tr (P (x)) tr
�

P † (y)
�

tr (UP )
↵

htr (P (x)) tr (P † (y))i

Fµν(x) =
1

a2g
ρ
conn

P,µν
(x)
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results show that p~ is sizable when U„and TV are in
parallel planes. This corresponds to measuring the com-
ponent R~ of the chromoelectric field directed along the
line joining the qq pair (E in Fig. 2). Moreover, we see
that Ei(xi, x&) decreases rapidly in the transverse direc-
tion xz. In Fig. 3 we display the transverse distribution of
the longitudinal chromoelectric field along the Aux tube.
The static color sources are at xi = +5 and xi = —4 (in
lattice units). Figure 3 shows that the effects of the color
sources on the chromoelectric fields extends over about
three lattice spacings. Remarkably, far from the sources
the longitudinal chromoelectric field is almost constant

along the q-q line. Thus, the color field structure of the

q-q tube, which emerges from our results, is quite simple:
the Aux tube is almost completely formed by the longi-

tudinal chromoelectric field, which is constant along the
flux tube (if xi is not too close to the static color sources)
and decreases rapidly in the transverse direction.

-1 0 1 2 3 4 5 6 7 S 9 10 il
Xt

FIG. 2. The field strength tensor F„„(x~,xi) evaluated at
xi = 0 on a 24 lattice at P = 2.7, using Wilson loops of size
10 x 10 in Eq. (2.1).

tensor F„(xi,xi), where the coordinates xi, xi measure,
respectively, the distance from the middle point between

quark and antiquark [which corresponds to the center
of the spatial side of the Wilson loop W in Eq. (2.1)]
and the distance out of the plane defined by the Wilson

loop. The entries in Fig. 2 refer to measurements of the
Geld strength tensor taken in the middle of the Aux tube

(xi = 0) with eight cooling steps at P = 2.7 on the 244

lattice, using a square Wilson loop R' of size 10x 10. Our

B.Maximally Abelian projection

(tr (W"U")) 1 (tr (U") tr (W"))
(tr (WA)) 2 (tr (W~))

(2.8)

The correlator p+~ is obtained from Eq. (2.1) with the

substitution U&(x) -+ U (x). For instance the Abelian

projected plaquette in the (p, v) plane is

In the 't Hooft formulation [8] the dual superconductor

model is elaborated through the Abelian projection. The
idea is that the Abelian projected gauge Gelds retain the

long-distance physics -'~f the gauge system. In particular,
the physical quantities related to the confinement should

be independent of the gauge fixing and agree with those

obtained in the full gauge system. This suggested that
we [17] investigate the Abelian projected correlator

0.05

SU(2) 24 (=2.7

V„".(x) = U„"(x)U„"(x+P)V„"t(x+~)U„"t(x)
= diag1exp i8„„(x),exp i0„(x) ) . (2.9)—
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FIG. 3. The x~ dependence of the transverse profile of the
longitudinal chromoelectric field E~(xi, xi) = R~(xi, xi).

F„.(*)=
2
~w(x)

A V~ A (2.10)

behaves like the gauge-invariant one defined by Eq. (2.3).
In Fig. 4 we report our results for the field strength ten-

Obviously the Abelian projected quantities are commu-

tating, so we do not need the Schwinger lines in Eq. (2.8).
It is worthwhile to stress that p~ is a gauge-dependent
correlator. We performed measurements for six different

values of P in the range 2.45 ( P ( 2.70 using the 16 and

20 lattices. In this case we find a good signal without

cooling. Measurements are taken on a sample of 500—700
configurations, each separated by 50 upgrades, after dis-

carding 3000 sweeps to allow thermalization. The maxi-

mally Abelian gauge is fixed iteratively via the overrelax-

ation algorithm of Ref. [11]with the overrelaxation pa-
rameter u = 1.7 (for further details see the Appendix).
Remarkably enough, it turns out that the Abelian field

strength tensor

P. Cea and L.C.,  Phys. Rev.D52 (1995) 5152

Chromoelectric longitudinal field

The flux tube is almost completely formed by the longitudinal chromoelectric field, 

which is constant along the flux tube (not too close to the sources) and decreases 

rapidly in the transverse direction.

q q̄

Fµν(x) =
1

a2g
ρ
conn

W,µν
(x)

d

d = 10a ' 0.5fm
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The longitudinal chromoelectric field

d

xt

El(xt)
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SU(3) pure gauge  T=0
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(P.Cea, L.C., F. Cuteri, A.Papa,  arXiv:1702.06437)

q̄q

0.76fm ≤ d ≤ 1.33fm

falloff of the 

chromoelectric field 

along the 

transverse direction

almost constant 

transverse size of 

the flux tube 

independent of the 

distance between 

the sources
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(2+1) flavors   (HISQ fermions)
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string breaking at d≈1.14 

fm ?    
(agreement with Bali et al., arXiv:hep-

lat/0505012;  Koch et al., arXiv:

1511.04029)

q̄q

0.76fm ≤ d ≤ 1.33fm

falloff of the 

chromoelectric field 

along the 

transverse direction

almost constant 

transverse size of 

the flux tube 

independent of the 

distance between 

the sources 

(comparable with 

pure gauge)
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FLUX TUBES IN SU(3) 

ACROSS DECONFINEMENT



12

LATTICE SETUP

lattice sizes:  403 x 10, 483  x 12

smoothing of the gauge configurations:   several APE smearings for spatial links, 

one HYP smearing for temporal links

scale setting:     (Edwards, Heller, Klassen, Nucl. Phys. B517 (1998) 377)

�

a
√

σ

�

(g) = fSU(3)(g
2)

�

1 + 0.2731 â2(g)

− 0.01545 â4(g) + 0.01975 â6(g) } /0.01364

â(g) =
fSU(3)(g

2)

fSU(3)(g2(β = 6))

β =
6

g2
, 5.6 ≤ β ≤ 6.5

fSU(3)(g
2) =

�

b0g
2
�

−b1/2b
2

0 exp

✓

−

1

2b0g2

◆

b0 =
11

(4π)2
, b1 =

102

(4π)4

√

σ = 420 MeV

# of measurements for each value of the gauge coupling:  3k to 8k (every 10 trajectories)

MILC code (suitably modified to measure the chromoelectric field)
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SMOOTHING OF THE GAUGE CONFIGURATIONS

β = 6.050

40
3
× 10

d = 12a q̄q
xt

d
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Dati_run-e-parametri_fit - tabella_per_talk

16/13/2017 13:06:57

N_s N_t beta a (fm) distance 
(lattice)

distance 
(fm) T/T_c

32 32 6.050 0.0952 8 0.761 0.00
40 10 6.050 0.0952 8 0.761 0.80
40 10 6.125 0.0846 9 0.762 0.90
40 10 6.200 0.0756 10 0.756 1.00
40 10 6.265 0.0689 11 0.757 1.10
40 10 6.325 0.0633 12 0.759 1.20
64 16 6.370 0.0595 13 0.773 0.80

N_s N_t beta a (fm) distance 
(lattice)

distance 
(fm) T/T_c

32 32 6.050 0.0952 10 0.952 0.00
40 10 6.050 0.0952 10 0.952 0.80
40 10 6.125 0.0846 11 0.931 0.90
40 10 6.200 0.0756 13 0.983 1.00
40 10 6.265 0.0689 14 0.964 1.10
40 10 6.325 0.0633 15 0.949 1.20

N_s N_t beta a (fm) distance 
(lattice)

distance 
(fm) T/T_c

32 32 6.050 0.0952 12 1.142 0.00
40 10 6.050 0.0952 12 1.142 0.80
40 10 6.125 0.0846 14 1.185 0.90
40 10 6.200 0.0756 15 1.135 1.00
40 10 6.265 0.0689 17 1.171 1.10
40 10 6.325 0.0633 18 1.139 1.20
48 8 6.325 0.0633 18 1.139 1.50
48 12 6.170 0.0791 14 1.107 0.80

Dati_run-e-parametri_fit - tabella_per_talk

16/13/2017 13:06:57

N_s N_t beta a (fm) distance 
(lattice)

distance 
(fm) T/T_c

32 32 6.050 0.0952 8 0.761 0.00
40 10 6.050 0.0952 8 0.761 0.80
40 10 6.125 0.0846 9 0.762 0.90
40 10 6.200 0.0756 10 0.756 1.00
40 10 6.265 0.0689 11 0.757 1.10
40 10 6.325 0.0633 12 0.759 1.20
64 16 6.370 0.0595 13 0.773 0.80

N_s N_t beta a (fm) distance 
(lattice)

distance 
(fm) T/T_c

32 32 6.050 0.0952 10 0.952 0.00
40 10 6.050 0.0952 10 0.952 0.80
40 10 6.125 0.0846 11 0.931 0.90
40 10 6.200 0.0756 13 0.983 1.00
40 10 6.265 0.0689 14 0.964 1.10
40 10 6.325 0.0633 15 0.949 1.20

N_s N_t beta a (fm) distance 
(lattice)

distance 
(fm) T/T_c

32 32 6.050 0.0952 12 1.142 0.00
40 10 6.050 0.0952 12 1.142 0.80
40 10 6.125 0.0846 14 1.185 0.90
40 10 6.200 0.0756 15 1.135 1.00
40 10 6.265 0.0689 17 1.171 1.10
40 10 6.325 0.0633 18 1.139 1.20
48 8 6.325 0.0633 18 1.139 1.50
48 12 6.170 0.0791 14 1.107 0.80

Dati_run-e-parametri_fit - tabella_per_talk

16/13/2017 13:06:57

N_s N_t beta a (fm) distance 
(lattice)

distance 
(fm) T/T_c

32 32 6.050 0.0952 8 0.761 0.00
40 10 6.050 0.0952 8 0.761 0.80
40 10 6.125 0.0846 9 0.762 0.90
40 10 6.200 0.0756 10 0.756 1.00
40 10 6.265 0.0689 11 0.757 1.10
40 10 6.325 0.0633 12 0.759 1.20
64 16 6.370 0.0595 13 0.773 0.80

N_s N_t beta a (fm) distance 
(lattice)

distance 
(fm) T/T_c

32 32 6.050 0.0952 10 0.952 0.00
40 10 6.050 0.0952 10 0.952 0.80
40 10 6.125 0.0846 11 0.931 0.90
40 10 6.200 0.0756 13 0.983 1.00
40 10 6.265 0.0689 14 0.964 1.10
40 10 6.325 0.0633 15 0.949 1.20

N_s N_t beta a (fm) distance 
(lattice)

distance 
(fm) T/T_c

32 32 6.050 0.0952 12 1.142 0.00
40 10 6.050 0.0952 12 1.142 0.80
40 10 6.125 0.0846 14 1.185 0.90
40 10 6.200 0.0756 15 1.135 1.00
40 10 6.265 0.0689 17 1.171 1.10
40 10 6.325 0.0633 18 1.139 1.20
48 8 6.325 0.0633 18 1.139 1.50
48 12 6.170 0.0791 14 1.107 0.80

Dati_run-e-parametri_fit - tabella_per_talk

26/13/2017 13:06:57

N_s N_t beta a (fm) distance 
(lattice)

distance 
(fm) T/T_c

32 32 6.050 0.0952 14 1.332 0.00
40 10 6.052 0.0949 14 1.328 0.80
40 10 6.127 0.0844 16 1.350 0.90
40 10 6.198 0.0759 18 1.366 1.00
40 10 6.264 0.0690 19 1.310 1.10
48 8 6.170 0.0791 17 1.344 1.20
64 16 6.372 0.0593 23 1.364 0.80

DATA
T =

1

a(β)Nt

Tc = 260MeV a(β) =
1

Tc

1
T

Tc

Nt

=
197MeV fm

260MeV

1
T

Tc

Nt

d ' 0.76 fm d ' 0.95 fm

d ' 1.14 fm d ' 1.33 fm
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check continuum scaling

The continuum scaling is reached at least 

for β=6.050

The smoothing procedure is robust: if 

the smearing had corrupted the physical 

signal it wold be quite unlikely to obtain 

such a nice scaling
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µ =
1

λ
,

1

α
=

λ

ξv

κ = λ

ξ
=

√

2

α

⇥

1 − K2

0
(α)/K2
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⇤1/2

P. Cea, L.C., A.Papa, Phys. Rev. D86 (2012)054501
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λ London penetration length

ξv variational core radius

ξ coherence length

κ Ginzburg − Landau parameter

order parameter
El(xt) =

φ

2π

µ2

α

K0((µ
2x2

t + α2)1/2)

K1(α)

The flux tube shape up to 
J.R. Clem, J. Low Temp. Phys. 18 (1975) 427

Analyze lattice data for the  flux tubes by exploiting the  Clem fit analytic expression for the 

transverse behaviour of the color electric field.

Variational model for the magnitude of 

the normalised order parameter of an 

isolated vortex 

Analytic expression for the magnetic field and 

supercurrent density that solve Ampere’s law and 

the Ginzburg-Landau equation.

q q̄
xt

∆

xt = 0
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PARAMETERS FROM THE CLEM FIT

width of the flux tube:

energy in the flux tube per unit length: 
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Dati_run-e-parametri_fit - tabella_2_talk-NEW

16/17/2017 9:29:47

L_s L_t beta a (fm) distance 
(lattice)

distance 
(fm) T/T_c phi error lambda 

(fm) error csi 
(fm) error sqrt (w^2) 

(fm) error sqrt(epsilon)/phi 
(GeV) error

32 32 6.050 0.0952 14 1.332232 0.00 5.000 0.292 0.169 0.016 0.715 0.335 0.512 0.114 0.117 0.030
40 10 6.052 0.0949 14 1.327978 0.80 5.317 1.108 0.158 0.267 1.520 2.604 0.589 1.308 0.099 0.229
40 10 6.127 0.0844 16 1.350063 0.90 4.400 0.440 0.344 0.097 0.426 0.473 0.825 0.258 0.078 0.027
40 10 6.198 0.0759 18 1.365672 1.00 0.971 0.023 0.207 0.024 0.798 0.401 0.614 0.086 0.098 0.015
40 10 6.264 0.0690 19 1.310212 1.10 0.583 0.004 0.337 0.025 0.777 0.362 0.563 0.023 0.106 0.005
48 8 6.170 0.0791 17 1.344381 1.20 0.481 0.002 0.181 0.004 0.845 0.364 0.562 0.014 0.106 0.003

L_s L_t beta a (fm) distance 
(lattice)

distance 
(fm) T/T_c phi error lambda 

(fm) error csi 
(fm) error sqrt (w^2) 

(fm) error sqrt(epsilon)/phi 
(GeV) error

32 32 6.050 0.0952 12 1.141913 0.00 5.218 0.371 0.143 0.041 0.983 0.428 0.488 0.140 0.120 0.035
40 10 6.050 0.0952 12 1.141913 0.80 5.111 0.219 0.164 0.050 1.210 0.533 0.571 0.225 0.103 0.043
40 10 6.125 0.0846 14 1.184918 0.90 4.192 0.262 0.221 0.066 0.732 0.454 0.634 0.231 0.095 0.038
40 10 6.200 0.0756 15 1.134721 1.00 1.245 0.019 0.215 0.015 0.639 0.376 0.603 0.050 0.101 0.009
40 10 6.265 0.0689 17 1.170625 1.10 0.708 0.005 0.189 0.005 0.656 0.345 0.547 0.018 0.110 0.004
40 10 6.325 0.0633 18 1.139092 1.20 0.683 0.003 0.178 0.004 0.587 0.320 0.510 0.012 0.119 0.003
48 8 6.325 0.0633 18 1.139092 1.50 0.466 0.001 0.149 0.002 0.688 0.298 0.461 0.009 0.129 0.003
48 12 6.170 0.0791 14 1.107137 0.80 4.750 0.261 0.142 0.068 1.462 0.796 0.538 0.339 0.108 0.071

L_s L_t beta a (fm) distance 
(lattice)

distance 
(fm) T/T_c phi error lambda 

(fm) error csi 
(fm) error sqrt (w^2) 

(fm) error sqrt(epsilon)/phi 
(GeV) error

32 32 6.050 0.0952 10 0.951594 0.00 5.287 0.109 0.146 0.017 0.859 0.331 0.479 0.069 0.123 0.019
40 10 6.050 0.0952 10 0.951594 0.80 5.507 0.132 0.184 0.023 0.722 0.361 0.549 0.084 0.109 0.018
40 10 6.125 0.0846 11 0.931007 0.90 4.838 0.104 0.219 0.019 0.535 0.361 0.591 0.061 0.104 0.061
40 10 6.200 0.0756 13 0.983425 1.00 1.738 0.025 0.217 0.013 0.518 0.354 0.583 0.042 0.106 0.042
40 10 6.265 0.0689 14 0.964044 1.10 1.095 0.005 0.197 0.003 0.440 0.312 0.521 0.009 0.119 0.002
40 10 6.325 0.0633 15 0.949243 1.20 0.868 0.004 0.180 0.004 0.506 0.307 0.499 0.012 0.122 0.003

L_s L_t beta a (fm) distance 
(lattice)

distance 
(fm) T/T_c phi error lambda 

(fm) error csi 
(fm) error sqrt (w^2) 

(fm) error sqrt(epsilon)/phi 
(GeV) error

32 32 6.050 0.0952 8 0.761275 0.00 5.143 0.039 0.164 0.005 0.472 0.283 0.458 0.017 0.133 0.005
40 10 6.050 0.0952 8 0.761275 0.80 6.201 0.129 0.249 0.017 0.308 0.331 0.596 0.045 0.108 0.009
40 10 6.125 0.0846 9 0.761733 0.90 5.941 0.194 0.251 0.028 0.337 0.344 0.610 0.077 0.105 0.015
40 10 6.200 0.0756 10 0.756481 1.00 2.061 0.086 0.231 0.029 0.253 0.298 0.543 0.076 0.119 0.076
40 10 6.265 0.0689 11 0.757463 1.10 1.359 0.017 0.200 0.008 0.326 0.289 0.501 0.023 0.126 0.006
40 10 6.325 0.0633 12 0.759395 1.20 1.324 0.020 0.190 0.009 0.293 0.270 0.472 0.024 0.134 0.024
64 16 6.370 0.0595 13 0.773170 0.80 6.554 0.490 0.271 0.046 0.271 0.342 0.631 0.115 0.104 0.021
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across deconfinement

phi drops down across the 

phase transition

lambda almost constant 

across the phase transition

φ λ
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across deconfinement (cont’d)

almost constant across the 

phase transition
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Summary & Outlook

We have studied  the flux tubes produced by a quark-antiquark pair in the case of SU(3) pure 

gauge theory across deconfinement phase transition.

We have seen that the transverse behavior of the field inside the flux tube  can be well 

described using a functional form derived form ordinary superconductivity (“Clem fit”).

We want to study the fate of the flux tubes at finite temperature in QCD with (2+1) flavours 

(possibly using HotQCD configurations)

We want to check the stability of our results under changes of the smoothing procedure.

The flux tube shape seems to survive across deconfinement up to T=1.5 Tc, even 

though the strength of the field collapses across the phase transition. At the moment 

we are not able to exclude that what we are seeing in the deconfined region is due to 

a screened Coulomb potential.
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Thank  you !



25

BACKUP   SLIDES



26

Field strength tensor
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g2
ρ
conn

W (x)
field strength 

tensor

To specify better the color structure of the field Fμν  , we note that the Wilson loop connected to the plaquette is the source of a color field 

which points, in average, onto an unknown direction na in color space, given by the loop itself (there is no preferred direction). What we 

measure is  the average projection of the color field onto that direction. The color indices of the Schwinger lines are contracted with the loop, 

which is the  source of the field, and realize the color parallel transport between the source loop and the plaquette position. For this reason, 

the Fμν  should be understood as:

n
a
F

a

µν
Fµν

ρ
conn

W

a→0

−→ a2g

✓

D

naF a
µν

E

qq̄

◆

That this relation must hold and that the vector in color space  na  must be introduced follows from the linearity in the color field of the 

operator and from its gauge invariance.



27

52 DUAL SUPERCONDUCTIVITY IN THE SU(2) PURE GAUGE. . . 5155

0.03

0.025—

II 0.02

0.015

0.01—

0.005—

I

SU(2) 24 [i=2.7

o E
E

~ E,
B,

~ B
~ B,

0
a a

I

0

I I I I

results show that p~ is sizable when U„and TV are in
parallel planes. This corresponds to measuring the com-
ponent R~ of the chromoelectric field directed along the
line joining the qq pair (E in Fig. 2). Moreover, we see
that Ei(xi, x&) decreases rapidly in the transverse direc-
tion xz. In Fig. 3 we display the transverse distribution of
the longitudinal chromoelectric field along the Aux tube.
The static color sources are at xi = +5 and xi = —4 (in
lattice units). Figure 3 shows that the effects of the color
sources on the chromoelectric fields extends over about
three lattice spacings. Remarkably, far from the sources
the longitudinal chromoelectric field is almost constant

along the q-q line. Thus, the color field structure of the

q-q tube, which emerges from our results, is quite simple:
the Aux tube is almost completely formed by the longi-

tudinal chromoelectric field, which is constant along the
flux tube (if xi is not too close to the static color sources)
and decreases rapidly in the transverse direction.

-1 0 1 2 3 4 5 6 7 S 9 10 il
Xt

FIG. 2. The field strength tensor F„„(x~,xi) evaluated at
xi = 0 on a 24 lattice at P = 2.7, using Wilson loops of size
10 x 10 in Eq. (2.1).

tensor F„(xi,xi), where the coordinates xi, xi measure,
respectively, the distance from the middle point between

quark and antiquark [which corresponds to the center
of the spatial side of the Wilson loop W in Eq. (2.1)]
and the distance out of the plane defined by the Wilson

loop. The entries in Fig. 2 refer to measurements of the
Geld strength tensor taken in the middle of the Aux tube

(xi = 0) with eight cooling steps at P = 2.7 on the 244

lattice, using a square Wilson loop R' of size 10x 10. Our

B.Maximally Abelian projection

(tr (W"U")) 1 (tr (U") tr (W"))
(tr (WA)) 2 (tr (W~))

(2.8)

The correlator p+~ is obtained from Eq. (2.1) with the

substitution U&(x) -+ U (x). For instance the Abelian

projected plaquette in the (p, v) plane is

In the 't Hooft formulation [8] the dual superconductor

model is elaborated through the Abelian projection. The
idea is that the Abelian projected gauge Gelds retain the

long-distance physics -'~f the gauge system. In particular,
the physical quantities related to the confinement should

be independent of the gauge fixing and agree with those

obtained in the full gauge system. This suggested that
we [17] investigate the Abelian projected correlator

0.05

SU(2) 24 (=2.7

V„".(x) = U„"(x)U„"(x+P)V„"t(x+~)U„"t(x)
= diag1exp i8„„(x),exp i0„(x) ) . (2.9)—
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FIG. 3. The x~ dependence of the transverse profile of the
longitudinal chromoelectric field E~(xi, xi) = R~(xi, xi).

F„.(*)=
2
~w(x)

A V~ A (2.10)

behaves like the gauge-invariant one defined by Eq. (2.3).
In Fig. 4 we report our results for the field strength ten-

Obviously the Abelian projected quantities are commu-

tating, so we do not need the Schwinger lines in Eq. (2.8).
It is worthwhile to stress that p~ is a gauge-dependent
correlator. We performed measurements for six different

values of P in the range 2.45 ( P ( 2.70 using the 16 and

20 lattices. In this case we find a good signal without

cooling. Measurements are taken on a sample of 500—700
configurations, each separated by 50 upgrades, after dis-

carding 3000 sweeps to allow thermalization. The maxi-

mally Abelian gauge is fixed iteratively via the overrelax-

ation algorithm of Ref. [11]with the overrelaxation pa-
rameter u = 1.7 (for further details see the Appendix).
Remarkably enough, it turns out that the Abelian field

strength tensor

P. Cea and L.C.,  Phys. Rev.D52 (1995) 5152

Flux tube structure —-> tubular shape of the flux profile

Chromoelectric longitudinal field constant along the flux tube (not too close to the 

static color sources)

Chromoelectric longitudinal field along the flux tube

q q̄
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L

q q̄

q q̄
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Measuring the chromoelectric field on 

the lattice
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Fµν(x) =

s

1

g2
ρ
conn

W (x)

ρ
conn

W

a→0

�! a2g

⇣

hFµνiqq̄ � hFµνi0

⌘

The operator is defined as trace of loops so it is gauge invariant.  We have also seen that it changes sign by changing the 

orientation of  the plaquette. So it is linear in the field. Therefore it cannot be that an average of the colour components of the 

field.

Renormalisation:  the only thing that should be renormalised is the Schwinger line since it appears only at numerator. 

However since we observe scaling it seems that this renormalisation does not play an important role when we are close to 

the continuum limit.
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smoothing of the gauge configurations

HYP smearing (on temporal links)

APE smearing (on spatial links)

Vi,µ = ProjSU(3)[(1 − α1)Ui,µ +
α1

6

X

±ν 6=µ

Ṽi,ν;µṼi+ν̂,µ;νṼ
†
i+µ̂,ν;µ] ,

Ṽi,µ;ν = ProjSU(3)[(1−α2)Ui,µ+
α2

4

X

±ρ 6=ν,µ

V̄i,ρ;ν µV̄i+ρ̂,µ;ρ νV̄
†
i+µ̂,ρ;ν µ]

V̄i,µ;ν ρ = ProjSU(3)[(1 − α3)Ui,µ +
α3

2

X

±η 6=ρ,ν,µ

Ui,ηUi+η̂,µU
†
i+µ̂,η]1st   step)

2nd   step)

3rd   step)
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Fig. 1. The smearing procedure. We substitute a link with itself 
plus ~ times the sum of the incomplete neighboring space like 
plaquettes, and we project it back into SU(3). 

where the RHS of  (1) is projected onto the SU(3)  

group, and PTj is the oriented incomplete plaquette 

operator, product of  3 gauge matrices. It lies in the 

(i  j )  plane, excluding the link U~(n). For r/= + 1 , -  1 

Ppj has U~(n) as its left or right edge. In fig.1 we show 

this transformation. We use the analogous construc- 

tion for the Polyakov loops. 

This transformation averages the gauge fields with 

their neighbours, suppressing in this way the short- 

wavelength fluctuations in the gauge invariant sec- 

tor. To clarify the meaning of  this procedure we can 

consider the effect o f  a similar rule applied to a sca- 

lar field 

(o (~ (n ) - - .~o~s+l ) (n )=cp~) (n )+e~ '  ~ocS)(n'), 

where the sum runs over the first space-like neigh- 

bours o f  n. For large s and small e we can define a 

proper time for the smearing dynamics, z =se, so that 

O(olOz=Vz~o. (2a) 

In momentum space, the effect o f  the smearing 

operator S is the multiplication by e x p ( - z k 2 ) .  The 

same argument can be applied to our case. In the 

cont inuum limit, with proper time z=se ,  eq. (1) is 

equivalent to 

OAi/O'~ = D i Fik (2b) 

and, for gauge invariant quantities, the smearing 

operator is easily seen to correspond, neglecting the 

non-linearities of  eq. (2a),  to multiplication by 

e x p ( -  zk2). If  we assume that the wave function of  

the 0 ÷ ÷ glueball is gaussian (i.e. ocexp( - Wk2)) ,  and 

we measure the expectation value of  the smeared 

plaquette (that in the cont inuum limit corresponds 

to F } ~ k 2 ) ,  we get, for z--,oo, 

( 0  ++ IO~k~10 + + ) = ( 0  ++ IS~k~ O~o~10 ++ ) 

( W+z) -5 /2  (3) 

One can see some analogies between this method 

and the Monte Carlo Renormalization Group ideas. 

We like in our method the idea that we do not have 

to choose a priori some operators (small in practice) 

on which to perform the matching. We consider 

instead a "cont inuous" set o f  operators that become 

very large after many smearing steps. I f  we get (as 

we do) results that are independent from the oper- 

ator (at least for large smearing) we can be sure that 

these results are not influenced from a scale (the 

dimension of  the matching operator) that we have 

chosen by hand. 

We compute the values of  the glueball masses (of  

quantum numbers jP,c) m(0  ÷ + ) and m(2  ÷ ÷). We 

also compute the value of  the string tension, by mon- 

itoring the behaviour of  the Polyakov loops at large 

separation from the source. The 0 ÷ ÷ Green function 

is obtained by summing 

G ~ ' ) ( t ) - O ~ S ) ( x , y ) + O ~ ' ) ( y , z ) + O C S ) ( x , z )  , (4) 

where the plaquettes O are evaluated at time t, and 

the s indicate the different operators corresponding 

to different smearing. The source is at t =  1 in the x y  

plane. For the 2 + + state we have 

G ~ ~) ( t )  - - 2 0  (~) ( x ,y  ) + 0 ~s) (y,z) + O ~) ( x , z  ) . 

(5) 

The two gluonic channels are contaminated by a 

state of  mass 2La,  where a is the string tension and 

L is the spatial extent o f  the lattice (see ref. [ 6 ] and 

references therein for discussions about this point).  

From what is known in the current literature [7-9]  

it is clear a piori that for fl = 5.9 the situation is very 

dangerous on a 103 lattice. Indeed in this case 

2 0 a ~ m ( 0 + + ) .  The situation is analogous, if not 

worse, in the 2 + + channels. In such conditions when 

we look at the ground state in the glueball channel 
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V̄i,µ;ν = ProjSU(3)[(1−α)Ui,µ+
α

4

X

±ρ 6=ν,µ

Ui,ρ;ν µUi+ρ̂,µ;ρ νU
†
i+µ̂,ρ;ν µ]

- remove the short distance fluctuations of the gauge field in order to improve 

the correlation signal

- local averages over short paths connecting the link’s endpoints

- the long distance correlation signals should not be affected by smearing 

procedure (as long as the smearing is local enough)


