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Introduction

@ purpose: provide practitioner’s guide plus software for carrying
out two-particle scattering studies in lattice QCD

@ recast in terms of K-matrix and a Hermitian “box matrix” B%)

@ provide explicit box matrix elements in block diagonal basis

@ several total momenta
o total spins § <2
e orbital angular momenta L < 6

@ software to include higher partial waves, multi-channels
@ discuss two fitting strategies

@ collaborators: John Bulava, Ben Hérz, Bijit Singha, Jacob Fallica,
Drew Hanlon, Ruairi Brett
@ related talks:

e John Bulava: Pion-pion scattering 17:20 today
e Ben Ho6rz: Multi-hadron spectroscopy 15:30 Thursday
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Scattering phase shifts in lattice QCD timeline

@ DeWitt 1956: finite-volume energies related to scattering phase
shifts

@ Llscher 1986: fields in a cubic box

@ Rummukainen and Gottlieb 1995: nonzero total momenta

@ Kim, Sachrajda, and Sharpe 2005: derivation reworked

@ explosion of papers since then

@ Briceno 2014: generalized to arbitrary spin, multiple channels
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Two-particle correlator in finite-volume

@ correlator of two-particle operator o in finite volume

@ Bethe-Salpeter kernel

@ = >+ T O

+ ¢+ e

@ C°°(P) has branch cuts where two-particle thresholds begin
@ momentum quantization in finite volume: cuts — series of poles
@ C’ poles: two-particle energy spectrum of finite volume theory
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Corrections from finite momentum sums

@ finite-volume momentum sum is infinite-volume integral plus
correction F
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@ define the following quantities: A, A’, invariant scattering
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Quantization condition

@ subtracted correlator Cy,(P) = CE(P) — C>°(P) given by

CufP) = t:.+hfﬂf313

LN N
+ } ! l M ] M lA’ + .
b - I3 \\_./ |(_r

@ sum geometric series

Can(P) =A F(1 —iMF)™!
@ poles of Cy,,(P) are poles of CL(P) from det(1 — iMF) =0
@ key tool: for g.(p) spatially contained and regular

3
UZ&-/d&mww%>

d3k c 2 —mL
Lzz P — a2 L3Z (pz _ a2 [27r) . ((f,z)_ az() )+0(€ )
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Kinematics

@ work in spatial Z*> volume with periodic b.c.
@ total momentum P = (27 /L)d, where d vector of integers

@ calculate lab-frame energy E of two-particle interacting state in
lattice QCD

@ boost to center-of-mass frame by defining:

fe— E
Ecn = Ez_PZ? ’V:E )

cm

@ assume N, channels
@ particle masses my,, m;, and spins sy,, s2, of particle 1 and 2

@ for each channel, can calculate
2

1 1 (m3, — m3,)?
2 _ 2 2 2 la 2a
qcm-,a - ZEcm - E(mla + mZa) + 4E02m )
2.2
uz _ L 9em,a s, =1+ (m%a — m%a) d
¢ (2m)? ‘ E%,
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Quantization condition re-expressed

@ FE related to S matrix (and phase shifts) by
det[1 + FP)(s—1)] =0
@ F matrix in JLSa basis states given by

I
(I'mpL'S'd |[FP|JmyLSa) = dudss ~ {6,/,5,,,J,m_, Surt

(I my |L my Sms) (Limg Sms|Jmy) W }

L'myr; Lmy,

@ total ang mom J,.J', orbital L, L', spin S, 5, channels a, d’

@ W given by
o STy Znlersd \/(2L,+ DI+ 1)
Lmyy; Lmy = Jyraly P 7T3/2’yu]+] 2L+ 1)

x (L0, I0|LOY (L' my/, Im|Lmp).

@ above expressions apply for both distinguishable and
indistinguishable particles
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RGL shifted zeta functions

@ compute Rummukainen-Gottlieb-Liischer (RGL) shifted zeta
functions Z,,, using

ylm(z) AP —i? 0l 2
Zlm(s;’%uz) = Z S ¢ (@—uw) + (SloiFo(Au )
= @ —u?) VA

il 1 T\ 1+3/2 2 - 22
s [ (7) e S ey e
0

nez’
n#0
@ where

z=n—7y"'[3+(v=1)s 7 ns]s,
w=n—(1—-7)s%ns, Vin(x) = x| Yin (%)

1 -1
Fo(x):—]+2/dt t’;/z
@ choose A ~ 1 for convergence of the summation

@ integral done Gauss-Legendre quadrature
@ Fy(x) given in terms of Dawson or erf function
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K matrix

@ quantization condition relates single energy E to entire S-matrix
@ cannot solve for S-matrix (except single channel, single wave)

@ approximate S-matrix with functions depending on handful of fit
parameters

@ obtain estimates of fit parameters using many energies
@ easier to parametrize Hermitian matrix than unitary matrix
@ introduce K-matrix (Wigner 1946)
S=(1+iK)(1—iK)™" = (1 —iK)"'(1 +iK)
@ Hermiticity of K-matrix ensures unitarity of S-matrix

@ with time reversal invariance, K-matrix must be real and
symmetric
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K matrix

@ rotational invariance implies

<J’mJ/L/S/a/‘ K |JmJLSCl> = 6.]/\]6"1‘,/”’[‘/ Ké‘,’;,a,; LSa(E)

where K is real, symmetric, independent of m;
@ invariance under parity gives

J ’
Kb, 15a(E) =0 when nflnf nfnf, (—1)F % = —1,

where 17_;; is intrinsic parity of particle j in channel a

@ multichannel effective range expansion (Ross 1961)

-1

1
-1 o 3 L—5
KL’S’a/; 1sa(E) = 4y

5 Lt
KL’S’a/; LSa(Ecm) qa )

where K}, 15,(Eem) real, symmetric, analytic function of Eep,
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The “box matrix” B

o effective range expansion suggests writing

-1 o - —-L-1
KL/S/a’; LSa(E) = Uy

1~
1~y
Kisar; Lsa (Eem) ta *

since K¢/, ;5,(Eem) behaves smoothly with Ep,
@ quantization condition can be written
det(1 — BPK) = det(1 — KBP)) =0
@ we define the box matrix by
I'mpL'S'a| B®) [JmyLSa) = —ibudss ul T wike

L'myr; Lmg,

X (S my |L'my, Sms)(Lmy, Sms|Jmy)
@ box matrix is Hermitian for u2 real
@ quantization condition can also be expressed as
det(K~' —=BP) =0
@ these determinants are real

Scattering
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Block diagonalization

@ quantization condition involves determinant of infinite matrix

@ make practical by (a) transforming to a block-diagonal basis and
(b) truncating in orbital angular momentum

@ for symmetry operation G, define unitary matrix
6]’16L’L65’Séa’aD$V{,)/mj (R)7 (G = R),

(J'mpL'S'd'| Q'O |JmyLSa) =
5J/J5mﬂm,5L’L65’55a’a(7I)La (G == Ix)a

where D) (R) Wigner rotation matrices, R ordinary rotation,

I, spatial inversion

@ can show that box matrix satisfies
B(GP) — 0(0) B(P) 9(O)F

@ if G in little group of P, then GP = P, Gs, = s, and
BP) 09 =0,  (Ginlitle group of P).
@ can use eigenvectors of Q%) to block diagonalize B
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Block diagonalization (con’t)

@ block-diagonal basis
|[AAnJLSa) = Z cfn(fl)L;A)‘"\JmJLS@

@ little group irrep A, irrep row KJ occurrence index n
@ transformation coefficients depend on J and (—1)%, noton S, a
@ replaces m; by (A, A\, n)

@ group theoretical projections with Gram-Schmidt used to obtain
coefficients

@ use notation and irrep matrices from PRD 88, 014511 (2013)
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Block diagonal basis

@ |m,) abbreviates |Jm;LSa) with parity n = (—1)L for P =0

[ A [ X T J7 ] n [ Basis vectors |
A |11 07 [ 1] 0
Gy [ 1|37 1] 15
Gy | 2|17 | 1] |7y
Ty [ 1] 17 [ 1] 500~ 1-1)
Tig | 2| 17 | 1| Z(I)+ [=1)
Ty, | 3 17 | A |0)
H 1 37 |1 5
iy |2 B
H, 3 gn 1 \—%)
Hy [ 43" [ 1] [=9)
E, [ 1] 27 1] 2+ 1-2)
E, [ 2] 27 | 1] |0
T | 1| 27 [ 1] Z0+ 1-1)
Ty | 2| 27 [ 1] (D= |-1)
T, | 3] 27 [ 1] T+ 1-2)
Gor [T 17 [ 7| (15— V51 1)
G | 2| 37 | 1] H-VEID+ -9
Hy | 1131 AP+ VA=)
Hy [ 2|37 | 1| [H)
Hy | 337 |1] |-
Hy | 4137 | 1] ZWEI+1-3)
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Block diagonal basis

J7 [ n | BasisvectorsP =0

(- -2
F(VE3) — VA + V3= 1) = V5[ -3)
VEI3) + V311 + V3 |- 1) + V5[ -3))

)
P (V313) + V5 1) — V5[ —1) = V3[-3))
—V3[3

e s
S~

A n
1 1
1 1
2 1
3 1
1 1
T, | 2| 3" |1 3 >+f\1>+\6\—1> V3|-3))
Ty | 3] 37 | 1| (1) + |-
Gy | 1] 37 1 ﬁ(ﬁl%>+\/§\—%>)
Gip | 2| 3" | 1| SR (V519) +VT1=1)
Goy | 1| 37 |1 | 2(V3I3) = |-3)
Gy | 2| 37 | 1] 301D —V3]|-3)
Hy | 137 [ 1] 3V31)+1-3)
Hy | 2| 17 | 1] 722(=v515) +V7|-1))
Hy | 3| 37 | 1] 72=(V715) = V5]—-3)
413" 11 ] 35U +VEI=3))
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Block diagonal basis

~
=S|

Basis vectors P = 0
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=
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=
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=
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=
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S (12 +1-2)
T (VT14) = VIO [0) + V7| ~4))
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413 f|1>+ﬁ|71>7|73>>

) —

\4> —4))
f|1>
) — 1)+
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N sl
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ey
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—

[=1) +V7]=3))
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Block diagonal basis

[ A TX] J7] n] Basisvectors P = (0,0, 1) |
A 1T oF 71T 0
Ay | 1] o | 1] |0
G [ 13T 1D
G | 2| it 1] |=h
G| 1|y D
G 2 | 37 ] [—3)
AT ] 0
A | 1] 1t 1] o
+ 1
2 S N B Il A
- o
E | 1] 1 T = 1=1)
E | 2] 17 | 1] Z()+[-1)
G |12 1] 1D
G | 2|3t 1] =D
G| 1| [
G |23 |1 I1-b
G | 1] 3T |1 [-3)
G | 2|3 1] D
Gy 1 5 1 |—3)
G | 2|3 1] )

Scattering
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Block diagonal basis

o v = (l+i) =372~ V2+i2+V2), 1= (V2 +i)
[ ATX] J7] n] BasisvectorsP = (1,1, 1)
A | 1| 3t %(\/ﬂS)JrZV] [2) +ivV5 1) —V5]—1) 4+ 2v, | —2)
—iv3|-3))
A | 1137 || s (VEIR) V3D = 2V200 [0) + VB 1) + V5] -3))
Ay |13 |2 %( 2) + |—2))
Ay | 13T | SR (VER) + VB = 2V2u1 [0) + V3= 1) + V5 =3))
A | 1|3 2| (=) + -2)
A | 137 1| FE(VEB) F 2 2) +iVE (L) = V5 1) + 20 [-2)
—iv3|-3))
E | 137 | 1| =013 —iVI5|1) +2 V1007 |0) — VIS|=1) +7i|=3))
E | 1|3t ]2 \;—%(72\1”\@4 [0y +2i|—1))
E | 2|37 | 1] 555613 —2V3] 12) + VIS +iVI5|—1) —2V3u |-2)
+-3
E | 2|3t ]2 27\1@(1\/3%)\3)+\/EV1 [2) +ivV2[1) — V2 |—=1) + V10u | —2)
+iv/30|—3))
E | 1]3 |1 %(—3\/§|3>+2u1 [2) +iV5[1) — V5| —=1) +2v; |—2)
+3iV3|-3))
E | 1|37 | 2] 75(V502) —2u|1) + 27 | =1) + V5] -2))
E | 2|37 | 1| Z533) —VI51) +2VI00 |0) +iVI5|—1) — |-3))
E | 23 | 2| (V10w 3) + Vor] [1) +2]0) — Vou |—1) — V10 |—3))

C. Morningstar
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Box and K matrices in block diagonal basis

@ in block-diagonal basis, box matrix has form

(MXNR'J'L'S'a'| BP) |AXJLSa) = 55 p0x20s/50ara B

(PApSa)

@ K-matrix for (—1)-*X" = 1 has form

(NNRI'L'S'd| K |AMILSG) = 01a03xGundsrs KShrar. 150 (Eem)

o (—1)M = 1=yl nf, =nl k., always applies in QCD
@ Ais irrep for K-matrix, need Ay for box matrix
@ when nf nb =1,then Ay = A

| d | LG [ Agrelationship to A when nf nh = —1 |

(0,0,0) | Oy
(0, O, I’l) C4v
(0, n, I’l) CQV
(nyn,n) | Cs

Subscript g <> u

A| <> Ay; By & B,; E, Gy, G, stay same
A1 <> Ay; By < B,; G stays same

A| < Ay; F| < F»; E, G stay same

@ see PRD 88, 014511 (2013) for notation

Scattering
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K matrix parametrizations

@ K matrix in block diagonal basis
(NXNW'TL'S'd'| K [AJLSa) = Sarabxnabundyy K
(NN T'L'S'd| K™ [AMILSa) = Spradaabunbyry K.

@ common parametrization
Nag
J)—1 Jk
K (Een) = UV EL,

e «a, 3 compound indices for (L, S,a)" "

@ another common parametrization

g(Jp)ggp) o

J o Ji

K Em) = 3 g+ D e
'p

@ Lorentz invariant form usmg Eon =/

()
L'S'a:
J)—1

L'S’a’;

; LSa (E(-m)
L5a(Eem)

@ Mandelstam variable s = (p; + p»)?, with p; four-momentum of

particle j

Scattering

20



Box matrix elements

@ have obtained expressions for B L‘}ﬁi“),Ln(E) for

@ L<6,5<2with P = (0,0,0),(0,0,p), p > 0

@ L<6,5<3withP=(0,p,p),(p,p,p),p >0

@ in tables that follow, we define
Ry, is short hand for (y7¥/2ul1)~'Re Z),,(sq, 7, u2)
Iy, is short hand for (y73/2ul+ ") ~'m 2, (s,, v, u?)
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Box matrix elements P =0, S =0

v/ v w ]y L a] uy D B
Ap = Ay,
0 0 1 0 0 1 Roo
0 0 1|4 4 1| BAR,
0 0 16 6 1| —2vV2Rg
4 4 1 4 4 1| Ro+ 18R+ 80,}1(&,0 + \FRgo
6 1
6 6 1 6 6 1 Roo — }ggR‘m 2552 * Roo + 2552 TRy — 7429 L Rio
30492 1848 /1001
+ 3 Ri2,0 — 15— Ri24
AB—AZg
6 6 1|6 6 1| Ro+ SRy— 903Ry, — WMIRy,  2922IR,
+;3§3R 120 + 264 4\/mo Rira
ABfAzu
3 3 103 3 1] Ro— 2R+ 0YBRy

Scattering
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Box matrix elements P =0, S =0

v/ v W Ju L ] u, D B
Ap = Eg
2 2 1 ]2 2 1] Rw+ R
2 2 1|4 4 1| 0SSR, 0V,
2 2 1 6 6 1 3013{)mR40 + 4 fRGU + 8 ngo
4 4 1|4 4 1| Ro+ BRy— XBRe + “’;‘{ Ryo
4 4 1|6 6 1| -8R,  18v20R,  1NVHNR,
'51220@1?100
6 6 1 6 6 1 | Roo+ LR+ 4X§3;3FR50+ zxofonJr “vaoo
+32R0 + 2643@1?12,4
Ap = E,
5 5 1[5 5 1 | Ro— fiRu+ BB Reo — MRy 4 1221R 0
AB = T])2
4 4 1 4 4 1 Ry + 2 i R4(] l\z(;R(‘D 4484\/171?3(]
4 4 1 6 6 1 IZIR;FR + 4 \[Rso + ”%‘QQITRSU + i7650\9/913?1?100
6 6 1 6 6 1| Ro— {5R0 — 3252 B R + m\rRso + 67;'4{1?10 0
_ -6126R12 o+ 1584 \/WR
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Box matrix elements P =0, S =0

(7 o o ]J L n] T g
Ap =Ty,
T 1 11 1 1] Re
11 1|3 3 1| 4YHR,
o1 1|5 5 1| ,V33§°7R40 + L Reo
1T 1 1|5 5 2| —2FBpr, ByHER,
3 83 13 3 1| R+ SR+ 0 Ry
3 3 1|5 5 1| QYR 4 2yER, 4 12YIIRy,
12 /6545 28 85085
3 3 1|5 5 2 MEB Ry — V’”fr 50 - .
5 5 1[5 5 1| Ro+ 22Re+ BLLERe + BLYT Ry + 32IR,
5 5 1|5 5 2| _2VS Rmf”%g;1T Reo + 2*2?&27 Rso
88704 V15
+ 3%915 Rio, O\F v
2
5 5 2 S 5 2| Ro-— 271R40 + 3511271 Reo + 7075?331 Rso
_ 12096 V21 p
1383 1100

C. Morningstar
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Box matrix elements P =0, S =0

[/ v w ]y L n] u HAD g

AB = sz
2 2 1 2 2 1 Roo — 7R40
2 2 1|4 4 f 2°fR40 + LB R,

20 \/715 12 f 32 /12155
2 2 1 6 6 1 IU?IFR — = 2 Reo : o165 Rso
2 2 1|6 6 2| LyBry+ FRo— TXERy
4 4 1 4 4 1 Roo — %RL‘U + ZOI{RGO
4 4 1 6 6 1 4 \/2145 ERVAIELY S \/8]76 Reo — 1444\6/12?)465 Ro + 38420\9/;5005 Rio.o
4 4 1 6 6 2 (’018((1?40 Ll \[R + S03 Ryy + 19212)(131()0
6 6 1 6 6 1 | Ro— “9R40 + 80;}(1?60 — 9_0fo0 - 72;20{:1?10 0
5808 /1001
40 \/j_ 260015 RL%) 0\/7_1 5 ) 2608 \R/gf 4608 \/T155
1 5

6 6 1 6 6 2 1309 ROJFf Reo + Z5a1- Rso — agaors - R10,0

13728 6336 \/455

260015 RIZ 0\'; 260015 Ri2,4 o

6 6 2 6 6 2| Ro+ 16309R40 - SO]W R?gm"" 8%7\25R80 + ]755003 Rio,0

29040 v

— R0 — o Riza

Ap = TZM
3 3 118 38 1| Ro— #Rao— LERe0
8 2 ! > 5 ZOIA/STRA‘O B 1:01\4/\}]?1? ot 2]815\/2271? 432 V21
5 5 1 5 5 1 Roo + 5R40 — 557" Reo — oo TRso — “Ino_Rio,0

C. Morningstar
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Box matrix elements P =0, S = 1

l 7oL oW [ 7 L n [ L,;(L’+L+1) B
Ap = Glg
T 0 1 T 0 17 Re
Lo 1|14 2Ry
Lo 1] 3 4t zmR
Lo 1|4 6 1 4WR<,O
Lo 1]k o6 1 ’{;T Reo
z 4 1 Z 4 1| Ro+ &Ruo+ m(ig‘g/ﬁReo
I 4 1] 2 4 1] - lzfmo 60 Rey — ZAB Ry,
% 4 1 % 6 1 1()01 R40 + MfR -1 @Rm
1 4 1 L6 1 232\9[1?40 ]25’4}(1?60 + ”imRso + %3\ZémR10,o
3 4 1 3 4 1| Ro+ E5Ruo0+ %Rso + %Rw
34 1Y 6 15((R40 B Rey + BB R + °°§§9$le0 0
b a1 | s 1| g e, ey Wome,
u 6 1 46 1| Ro— LR — 24\3(1?60 + 5852,;(1380
S Rioo
4 o6 1 5o 1| BMEp, 4 OSGR, 722(‘@1?80 + SH0V2R 100
*74‘?761}(1?12 0+ 7'8‘2%1\4/2?81?12 4
R e
m;%%ﬁrRlo 0o+ 4735&1312,0 — 726%\{FR12,4
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Box matrix elements P = (27 /L)(0,n,n), S =1

2
l 7L A [ J L n [ u;<L’+L+1> B
AB = (partial)
% 2 2 % 5 4 - 308 2 iRy — 392414"1{32 -1 78?5 iRso + 951001354 iRs)
7;200;62 iRsq + zoxs’Rm + 160\§’R72
\7/767.]5(:/462 iRyy + 13 \/ss iRye
5 9 23 /30 2/2310 211
3 2 2 5 5 5 | ==~ Ry R‘42 — o3 Rso + 25 Rs2
+|6\FR + Hszm_i_m;zgngw
+ms \FR + 452;/885 Rus
32 2| U 5 4| Yg, - g, VIR,
5 11 535 10 /385 IRRVATES 5/210
2 2 2 2 5 2 — 57 Rsa + “ygor o Rs2 — ~foor Rse — 3505 K72
42 \/“55R S \/3°°3°R 26
3 2 2 4 5 3 757\(R10+ IO\FRsz + W0 Rsy + 2Y2LRs,
\FRM — 5\[61?70 + 2710\(1?72 - 11\4/37;71?74
5 11 5 f 8 V71 9 V231 17V42
2 2 2 2 5 4 Ry + 5 Rsr — “yggp Rss 286 *Rr
_ 6231 Ryy — 3 5 /6006 Ris
1001 2002
% 2 2 % 5 5 %Rsn + 3 \IFRQ -1 \FRSO - 3003 F Rs2
10 /154 42\/ 67 15 /154
+ Toor R4 — s Ry — 10()1 LRy — To01 K74
32 2|4 5 6| QiR+ 2Ry + iR — 2Ry,
+4\7/l|505 iR7o — wzlfan
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Software overview

@ C++ software: BoxQuantization class
@ XML input to constructor (or use other structures)

e specify total momentum d, little group irrep A
e dimensionless quantities muerL,

e for each channel:

MasSes My, /Mref, Moy /Mref

particle spins s1, 524

product of intrinsic parities nf n},

maximum orbital angular momentum LS,ﬂPX

if identical or not

@ constructor automatically

e sets up basis of states
@ constructs needed box matrices
@ constructs needed RGL zeta calculators

@ for a given lab-frame E or E,,
e evaluates and returns K and/or B matrices

o evaluates and returns [det(1 — BPK)]'/Me or [det(K "

o evaluates other quantities, too

Scattering
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Fitting (setting the stage)

@ £(0) MC estimate of observable O using entire ensemble

° 5,5”(0) estimate of O from k-th resampling of scheme r
@ common resampling schemes: jackknife r = J, bootstrap r = B
@ covariance of O; and O, estimated using

cov(0;,0;) = N(’)Z(g( — (Y0 )>)
x(s“’( ) = (£9(0)))),
90N = o> &)

e for jackknife and bootstrap =

0 N =1) ® _ |
N N NN
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Fitting (still setting the stage)

@ often goal is to describe set of observables by set of model
functions containing unknown parameters

@ arrange observables as components of vector R

@ fit parameters into a vector a

@ denote the set of model functions by the vector M(«a, R)

@ vector of residuals r(R, ) = R — M(«, R)

@ in lattice QCD, get the best fit estimates by minimizing
correlated—? of residuals

X* = E(r) o5 ' E(ny),

y
@ covariance o;; = cov(r;, r;) of residuals
@ best-fit parameter errors:

e from minimization software
e by minimizing x? = £ (r) o
obtain covariances

—1

i Ek(’)(r,-) for each resampling k and

Scattering 30



Fitting subtleties

@ if model depends on any observables, covariance matrix must be
recomputed and inverted each time parameters « adjusted
during minimization!

@ if model independent of all observables cov(r;, r;) = cov(R;, R;)
simplifying minimization

@ multiple ensembles

@ assume covariance zero between different ensembles, errors from
minimization software, or
e ensure N, same for each ensemble, then apply above formulas

e primary goal here: best-fit estimates of «; parameters in K or K~
@ two fitting methods follow

Scattering 31



Fitting: spectrum method

@ choose E, x as observables
@ model predictions by solving quantization for x; parameters

@ problems:

e root finding difficult, many computations of RGL zeta functions

e ambiguity mapping model energies to observed energies

e model predictions depend on observables mi,, ma,, L, £ so MUST
recompute covariance during minimization

@ “Lagrange multiplier” trick removes obs. dependence in model
@ include m,, ma,, L, £ as both observables and model parameters
@ observations

Observations R;:  {Elory, m\™, L) ¢l ),

@ model parameters

Model fit parameters cy:  { &, (m‘)del) , Lmodel) - ¢(model) 1

Scattering 32



Fitting: spectrum method (con’t)

@ residuals
obs model
Eé(mbk)) - Ec(én kd 1))7 (k NE)
e = my —my o, (k= k’—i—NE,k'—l...
L(obs) L(model) (k Ng + N + )
E(obs) g(model , (k Ng +N T 2)
e compute EXn" using only model parameters

@ emphasize ™

cm,k

very difficult to compute

C. Morningstar Scattering
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Fitting: determinant residual method

@ introduce quantization determinant as residual
@ better to use function of matrix A with real parameter u:
det(A)
Qlu,A) =
(1.4) det[(u? + AAT)1/2]
@ model fit parameters are just x; parameters
@ residuals

e = Q(u, 1 — B (EC™) I~((E(°bs))), (k=1,...,Ng),

& cm,k
@ use only observed energies, particle masses, lattice size,
anisotropy

@ advantage: model predictions do not need root finding or RGL
zeta computations

@ model depends on observables, so covariance must be
recomputed as ~; parameters adjusted during minimization

@ covariance recomputation still much simpler than root finding
required in spectrum method
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First test of fitting

@ first test using determinant residual method
@ appliedto 7 =1 p — 7w system NPB 910, 842 (2016)
@ included L = 1 and L = 3 partial waves

o fit forms:
&y - O (M B
gmy \m:  m2

~ 1
mlas
@ results using only irreps in NPB 910, 842 (2016):
Z—: = 3.351(25), g = 5.96(26), m’az = —0.0015(27), x*/dof = 1.07
@ results with additional B @> = 1 irrep (no L = 1)

P = 3353(24), g = 6.00(26), ml.as = —0.00029(240), x2/dof = 1.01

my

Scattering 35



First test of fitting (con’t)

o define Aby K;;' =B (1 + A)
@ plot shows A consistent with zero in this energy range

01— od®=0,T) md=1A
L s d*=1E vd-2,A
-+ d=2,B] +d°=28]
005; +d*=3,A; od’=3E
TL nd*=4,A] 2 d*=4.E
= = =l
ﬁg B
w” oL .
z oF % o
—0.05
L I IR [ Ll L
2 25 3 E 35 4
CM
my
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Conclusion

@ purpose: practitioner’s guide plus software for carrying out
two-particle scattering studies in lattice QCD

@ quantization det(f(“ — B“’)) = 0, Hermitian “box matrix”

@ provided explicit box matrix elements in block diagonal basis
e several total momenta, spins S < 2, orbital L < 6

@ software to include higher partial waves, multi-channels

@ discussed two fitting strategies

@ testedusing L =1and L =3 in I = 1 nr scattering

@ collaborators: John Bulava, Ben Hérz, Bijit Singha, Jacob Fallica,
Drew Hanlon, Ruairi Brett
@ related talks:

e John Bulava: Pion-pion scattering 17:20 today
e Ben Ho6rz: Multi-hadron spectroscopy 15:30 Thursday
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