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PACS-CS (2 4+ 1)-Flavour Ensembles %

We consider the PACS-CS (2 + 1)-flavour ensembles, available through the ILDG.

o S. Aoki et al. (PACS-CS Collaboration), Phys. Rev. D 79, 034503 (2009)

Lattice size of 323 x 64 with 5 = 1.90. L ~ 3 fm.

Five pion masses: 702, 570, 411, 296 and 156 MeV.

Current results are based on the order of 700 sources per configuration.
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Hamiltonian Effective Field Theory (HEFT)

e An extension of chiral effective field theory incorporating the Liischer relation

o Linking the energy levels observed in finite volume to the @2 dependence of the
scattering phase shift.
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Hamiltonian Effective Field Theory (HEFT) %

e An extension of chiral effective field theory incorporating the Liischer relation

o Linking the energy levels observed in finite volume to the @2 dependence of the
scattering phase shift.

e Fitting resonance phase-shift data and inelasticities
o Predictions of the finite-volume spectrum are made.

e The eigenvectors of the Hamiltonian provide insight into the energy eigenstates
most likely to be excited with localised 3-quark operators.

o Indicated in colour in the following plots.
o Probability is ordered red, blue, green.
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Even- and Odd-Parity Nucleon Spectrum on PACS-CS Lattices %
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Even-Parity Nucleon Spectrum: J. Wu, et al. (CSSM), arXiv:1703.10715 [nucl-th] %g
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andau-Gauge Wave functions from the Lattice

e Measure the overlap of the annihilation operator with the state
as a function of the quark positions.
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e Generalize the baryon annihilation operator to

ebe (uTa(% +5,t) Cys dP (R + 7, t)) ué(X —5,t) +
(0% = 5.0) Crs d°(% 4 7.1)) (% +5,1)

e Measure the overlap of this operator with the state as a function of y for fixed s.
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e Generalize the baryon annihilation operator to

e (T (X +5,t) Crs d*(R + 7, 1)) u(X — &

(0% = 5.0) Crs d°(% 4 7.1)) (% +5,1)

_l’_

e Measure the overlap of this operator with the state as a function of y for fixed s.
e In this case, one obtains the wave function of the d quark.
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andau-Gauge Wave functions from the Lattice %

e Generalize the baryon annihilation operator to
eabc (uTa()—(»+ §’ t) C’)/5 db()_f

e (u™(% - 5, 1) Cys d(X

Measure the overlap of this operator with the state as a function of y for fixed s.

In this case, one obtains the wave function of the d quark.

At the source, use an optimised ¢ = 3_; u® X; to create the state o of interest.
Consider the u-quark offset 5 = 0;
o i.e. explore the distribution of the d quark about two u quarks at the origin.
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Orbital Angular Momentum Selection

® The two-point function for the nucleon is a 4 x 4 matrix in Dirac space, Gp,(t).
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® The two-point function for the nucleon is a 4 x 4 matrix in Dirac space, Gp,(t).

¢ Dirac indices at the source, a, select the spin and parity of the state, «, under
investigation.

o Positive parity: a =1 is spin up, |1).
o Positive parity: a = 2 is spin down, |]).

e Dirac indices at the sink select one of the four components of the Dirac spinor wave

function.
o b=1is |T>upper b=2is |‘|f>upper
°©b=3is |T>lower b=4is |\L>lower
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Orbital Angular Momentum Selection %

The two-point function for the nucleon is a 4 x 4 matrix in Dirac space, Gp,(t).

Dirac indices at the source, a, select the spin and parity of the state, «, under
investigation.

o Positive parity: a =1 is spin up, |1).

o Positive parity: a = 2 is spin down, |]).

Dirac indices at the sink select one of the four components of the Dirac spinor wave

function.
©ob=1is |T>upper b=2is |‘|/>upper
°©b=3is |T>lower b=4is |\L>lower

The spatial wave function will compensate for spin and parity mismatches between
the source and sink.
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Upper Dirac Component Wave Functions

e Denote the spatial wave functions for state « by (F|a, ¢, m)
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Upper Dirac Component Wave Functions %

e Denote the spatial wave functions for state « by (F|a, ¢, m)
® Our smeared source is spherically symmetric (F|a,¢,m) = (F|a,0,0)

e Gu: (7], 0,0) ‘T>upper - ‘T>upper (F]a,0,0)
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Upper Dirac Component Wave Functions %

Denote the spatial wave functions for state « by (F|«a, ¢, m)

Our smeared source is spherically symmetric  (F|a,¢,m) = (F|a,0,0)

e G <F| aa0a0> ‘T>upper - ‘T>upper <F|Oz, 070>
® G22: <F| a’0’0> |\l/>upper - |\l/>upper <F|Oé’ 070>
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Upper Dirac Component Wave Functions %

Denote the spatial wave functions for state « by (F|«a, ¢, m)

Our smeared source is spherically symmetric  (F|a,¢,m) = (F|a,0,0)

Gi1: <F| O‘aoa0> ‘T>upper - ‘T>upper <F|Oz, 070>
G22: <F| a’0’0> |\l/>upper - |\l/>upper <F|Oé’ 070>

Anticipate a spherically-symmetric wave function.
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MIC
Ground-state upper-component wave function at lightest quark mas&*
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LLower Dirac Component Wave Functions

e Lower Dirac components have opposite parity.
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Lower Dirac components have opposite parity.

Orbital angular momentum ¢ =1 is required.
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LLower Dirac Component Wave Functions 3

Lower Dirac components have opposite parity.

Orbital angular momentum ¢ =1 is required.
G31: <F’O[,0,0> ‘T>upper - ‘T>lower <F’a7170>
G42: <F|Oé,0,0> H/>upper - Hf>lower <F’a7170>

The £ =1, my = 0 spatial wave function is resolved.
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Ground-state (F|1,0) wave function at lightest quark mass %
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1st-excited-state (F|1,0) wave function “
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Lower Dirac Component Wave Functions: Spin flip %

e Orbital angular momentum ¢ =1, my; = +1 is required.
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e Orbital angular momentum ¢ =1, my; = +1 is required.

* Gar (Fla,0,0) [T ypper = Miower (Flas1,1)
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Lower Dirac Component Wave Functions: Spin flip %

Orbital angular momentum ¢ =1, my = +1 is required.
Gax: (Fle,0,0) [1)ypper = Hhiower (Pl 1,1)
G32: <F| «, 0’ 0> |\l’>upper — |T>lower <F| «, 17 _1>

The £ =1, my = £1 spatial wave function is resolved.
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Ground-state Re (|1, +1) wave function at lightest quark mass ¥

ity
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Ground-state Im (F|1,+1) wave function at lightest quark mass %

D Jl"—l I-ll
Sl e

18 of 55
I




SUBAT{ MI(_
Ground-state | (F| 1, +1) | wave function at lightest quark mass %
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1st-excited-state Re (F|1,+1) wave function %
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1st-excited-state Im (rF|1,+1) wave function %
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1st-excited-state | (F| 1, +1) | wave function w
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What about Gy; or Giy? | 4

e Spin flip requires nontrivial my.
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What about Gy; or Giy? | 4

Spin flip requires nontrivial my.
e Upper component to upper component requires even parity.
l+s=2+4+1/2#1/2

Expect this matrix element to vanish.
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Ground-state Im G,; wave function
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Gluons play a non-trivial role 2

° G212

<?| 07 0> |T>upper - |\l/>upper (<F| 17 1 >quark <F| 17 0 >g1u0n + <F| 17 O)quark (Fl 17 1 >g1uon>
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sum%
Gluons play a non-trivial role L4

° G212
<?| 07 0> |T>upper - |\l/>upper (<F‘ 17 1 >quark <F| 17 0 >g1u0n + <F| 17 O)quark (Fl 17 1 >g1uon>

 Symmetrize along the z axis to reveal (F[1,1) ..
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Im (F|1,1) ., along y-axis from the G,; matrix element
0.00003 — T T T T T T

-l

0.00001

0.00000 | .

—0.00001| * + + | $

—0.00002 |

—0.00003
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Electromagnetic Form Factors: Conventional variational analysis ¥

o Start with some basis of operators {x'}
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Electromagnetic Form Factors: Conventional variational analysis %

o Start with some basis of operators {x'}

e We use local three-quark spin-1/2 nucleon operators

x1 = € [u?T(Crs) dP] uf
x2 = €€ [u*T(C) d®] s u€
e Apply 16, 35, 100 and 200 sweeps of gauge invariant Gaussian smearing

8 x 8 Correlation Matrix

Gipi 1) =) ™ (A ()X (0)1Q)
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Electromagnetic Form Factors: Conventional variational analysis %

o Start with some basis of operators {x'}

e We use local three-quark spin-1/2 nucleon operators
Y1 = e [1°T(Crs) db] e
X2 = € [u?T(C) d®] s u€
e Apply 16, 35, 100 and 200 sweeps of gauge invariant Gaussian smearing

8 x 8 Correlation Matrix
Gi(p; t) == > eP* QX (x) ¥(0)|)

e Seek optimised operators that couple strongly to a single energy eigenstate
28 of 55




Parity-Expanded Variational Analysis (PEVA) %

e Expand basis to simultaneously isolate finite momentum energy eigenstates
of both parities.
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Parity-Expanded Variational Analysis (PEVA)
e Expand basis to simultaneously isolate finite momentum energy eigenstates

of both parities.
e Terms in unprojected correlation matrix have Dirac structure

Ep+(p) = mp+ — OkPk
OkPk — (Eg+(P) F mp+)

e Define PEVA projector
1 . A
Ip = Z(H + 7va) (I — ivsykPx)
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Parity-Expanded Variational Analysis (PEVA) %

e Expand basis to simultaneously isolate finite momentum energy eigenstates
of both parities.

e Terms in unprojected correlation matrix have Dirac structure

Ep+(p) = mp+ — OkPk
OkPk — (Eg+(P) F mp+)
e Define PEVA projector
1 . N
Mo = 2 (T4 7a) (L — ivs7kPx)

o Double the correlation matrix size:

o X{,} := X' couples to positive parity states at zero momentum.
© Xp = Ipy5X' couples to negative parity states at zero momentum.
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Gg for u, for p = (0,0,0) — (1,0,0) at m, = 296 MeV %
0.8:— _— +T I
. = acncracacuoobid) T+
O.Gi— T
QL; [
0'4,— o
02
L & u, (PEVA) o u, (Conv.)
0.0b=s ' ' !

PR R R SRR BRI RSN R R
17.5 20.0 22.5 25.0 27.5 30.0 32.5
t/a

30 of 55
I



Gg for u, for several p’ — p = (1,0,0) at m; = 296 MeV %
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Gy for u, & d, for p = (0,0,0) — (1,0,0) at m, = 296 MeV |
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Gy for u, & d, for p =(1,0,0) — (2,0,0) at m, = 296 MeV %
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Gg for uy: for p=(0,0,0) — (1,0,0) at m; = 411 MeV %
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G for up: & dy: for p=(0,0,0) — (1,0,0) at m; = 411 MeV %
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G for up: & dy: for p=(1,0,0) — (2,0,0) at m; = 411 MeV %

G [ v
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Gg for u,: for p=(0,0,0) — (1,0,0) at m, = 411 MeV %

1.0
0.8 g )
L @ .
0.6 2 é___@___% __________
. L
U %
0.4~
- ||
A i
0.2~
LR uy (PEVA) B oup (Conv.)
0.0 T TS T S IS T S AT S Y NSO MU
16 18 20 22 24 26 28
t/a

37 of 55




Gy for u,: & d,: for p = (0,0,0) — (1,0,0) at m; = 411 MeV %
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Gy for uy: & d,: for p=(1,0,0) — (2,0,0) at m, = 411 MeV %
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G/ GE ratio for p & n at m; = 296 MeV %
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Gy / GE ratio for pf & ni at m, = 411 MeV
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Magnetic moments of odd-parity nucleons at m, = 411 MeV %
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Magnetic moments of odd-parity nucleons at m, = 411 MeV %
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What about scattering state contaminations? %

e Consider the zero-momentum two-point function of localised 3-quark interpolators

G(t) = ZZ (Q x(x) |Ei) (Eil x(0) Q) -
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e Consider the zero-momentum two-point function of localised 3-quark interpolators
G(t) = > (Qx(x)|E) (E x(0) Q) -
X i

e In Hamiltonian EFT, the only localised basis state is the bare state

x(0)[2) = |mo) ,
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e Consider the zero-momentum two-point function of localised 3-quark interpolators
G(t) = > (Qx(x)|E) (E x(0) Q) -
X i

e In Hamiltonian EFT, the only localised basis state is the bare state

x(0)[2) = |mo) ,

e Qverlap with two-particle basis states is volume suppressed. Thus,

G(t) = [ (mo| ;) Pe™"".
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What about scattering state contaminations? %

e Consider the zero-momentum two-point function of localised 3-quark interpolators
G(t) = > (Qx(x)|E) (E x(0) Q) -
X i

e In Hamiltonian EFT, the only localised basis state is the bare state

x(0)[2) = |mo) ,

e Qverlap with two-particle basis states is volume suppressed. Thus,
G(t)=>_|(mo|E)Pe FL.
i

e Hamiltonian EFT provides the eigenstate energies E; and the overlaps (mg | E;).
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Even-Parity Nucleon Spectrum on 3 fm lattices L4

* The relative contamination is (G(t) — states accessed in LQCD )/G(t)
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Odd-Parity Nucleon Spectrum on 3 fm lattices at m; = 411 MeV %

* The relative contamination is (G(t) — states accessed in LQCD )/G(t)
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Conclusions %

® The Parity Expanded Variational Analysis (PEVA) Technique is

o Vital to the determination of excited state form factors.
o Important in precision matrix elements of the nucleon.

49 of 55
I



ssni@mic
Conclusions %

® The Parity Expanded Variational Analysis (PEVA) Technique is

o Vital to the determination of excited state form factors.
o Important in precision matrix elements of the nucleon.

e The two low-lying odd-parity states of the nucleon spectrum

o Are unlikely to be finite volume manifestations of a single resonance.
o They have magnetic moments consistent with quark model expectations

o For the N*(1535) and N*(1650).

49 of 55
I



ssni@mic
Conclusions %

® The Parity Expanded Variational Analysis (PEVA) Technique is

o Vital to the determination of excited state form factors.
o Important in precision matrix elements of the nucleon.

e The two low-lying odd-parity states of the nucleon spectrum

o Are unlikely to be finite volume manifestations of a single resonance.
o They have magnetic moments consistent with quark model expectations

o For the N*(1535) and N*(1650).

e Non-trivial gluonic degrees of freedom are manifest in quark wave functions.

49 of 55
I



SUBAT( MIC_
Conclusions %

® The Parity Expanded Variational Analysis (PEVA) Technique is

o Vital to the determination of excited state form factors.
o Important in precision matrix elements of the nucleon.

e The two low-lying odd-parity states of the nucleon spectrum

o Are unlikely to be finite volume manifestations of a single resonance.
o They have magnetic moments consistent with quark model expectations

o For the N*(1535) and N*(1650).

e Non-trivial gluonic degrees of freedom are manifest in quark wave functions.

e Future studies will need to address multi-particle scattering states in the spectrum.
o Induce ~ 10% contaminations in correlation functions otherwise.
o These form factors are required to connect lattice QCD to resonance structure.
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Supplementary Information

The following slides provide additional information which may be of interest.
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Odd-Parity Nucleon Spectrum

:SUBAT%E_
on 3 fm lattices at m, = 156 MeV #

* The relative contamination is (G(t)
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Odd-Parity Nucleon Spectrum on 3 fm lattices at m; = 570 MeV %

* The relative contamination is (G(t) — states accessed in LQCD )/G(t)
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Even-Parity Nucleon Spectrum: Volume Dependence o

* The relative contamination is (G(t) — states accessed in LQCD )/G(t)
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Even-Parity Nucleon Spectrum: Volume Dependence o

* The relative contamination is (G(t) — states accessed in LQCD )/G(t)
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