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Parton distributions from lattice QCD

Thanks Del Debbio & others for introduction
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Lattice problem:
Historically limited to lowest
moments In Bjorken x

] Recent: Quasi P B:Fsl

r— . .
Here: Compton amplitude in |

unphysical region
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Extracting the Compton |

amplitude on the lattice N

Constraining the x
dependence of PDFs
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First:

adron tensor and

DFS



Inelastic scattering

Cross section &« Hadron tensor
W, ~ / 2 (p|[ (), T, (0)]]p)
Structure functions Fi 2(P.q, QQ)
P \ e “er —_—
27

q Forward Compton amplitude

T, ~ / A4 (p|TT,, ()., (0) p)

Structure functions 14 2(P.q, Q?)



(Virtual) Compton amplitude

Compton amplitude

Ty (P, q) = pss / d*z(p,s'|TJ,(2)J,(0)|p, s)
y 1 P. P.
= (_gw + ng ) Ti(P.q, Q%) + —— (pu - —fqu) (py - q—fg) Ty (P.q,Q?)




Analytic structure of Compton amplitude




Analytic structure of Compton amplitude

Physical
scattering region




Analytic structure of Compton amplitude

Rescale

~ 2Pgq

W

Re w



Analytic structure of Compton amplitude

Rescale

~ 2Pgq

W Jmw ‘ B
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Analytic structure of Compton amplitude

Rescale

~ 2Pgq

W
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Analytic structure of Compton amplitude

Rescale
2P.q
W = Jmw W
R [~
—1 wWo 1 Rew
AL X o
Discontinuity across cut
— |maginary part

Ti / 2 0 A (D)2
Tz’(wsz) — —idw/ (/w ¢ ) ~ i dw/ImTz(w , Q%)

w' — Wy 2T Jq w!' — wy




Analytic structure of Compton amplitude

Rescale
2P.q N
W = Jl‘lA‘tw &
—1 0 1 Re w
N

1 TZ / 2 00 (] 2
Ti(woan) fédw/ (w 7Q ) 1 dw/ImTz(w 7@ )
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Analytic structure of Compton amplitude

Rescale

~ 2Pgq
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DF moments & dispersion integrals

Re-express integral over familiar Bjorken x, e.g.

“Actual PDF” I

4 2 o0 Im7T / 2 1 I 2
Tl(CU,QZ) — Tl(w’()) — i/ dw’ 111 1((,&) 7Q ) _ 4w2/ dr r 1(’/’E7Q )
1 0

27 w'(w? — w'?)

PDF moments from small-w behaviour of Compton amplitude

T (w, Q%) — Z 4w? / dr x" 1 Fi(x, Q%)

n=2.4,...




Feynman—Hellmann at second order:
Virtual Compton amplitude from an energy shift



Matrix elements from “Feynman-Hellmann”

Feynman—-Hellmann in guantum mechanics:
dFE,, < ‘GH
— (N —
d

T

75 ™Y

matrix elements of the derivative of the Hamiltonian determined by derivative of
corresponding energy eigenstates

Lattice QCD: evaluate energy shifts with respect to weak external fields

Analogous to considering the energy of a fermion in a weak uniform
magnetic field:

eB]

EB)=m— u.B- 278y | B|F + O(B?)



Feynman—Hellmann (1st order)

Suppose we want <H‘O‘H>

Proceed by S — S d4:zz O(z
real parameter local operator, e.g. q(x)v573q(x)
FH tells us OB ()
Eg(\) 1
0N 2Ey(X <H‘ ‘H>

Calculation of matrix element = hadron spectroscopy [2-pt functions only]

—)

0Eg(\) 1
oN ZEH()\)<

H|O|H)



—xternal momentum current

Modify Lagrangian with external field containing a spatial Fourier
transform [constant in time]

L(y) = Lo(y) + A2 cos(q-¥)q(y)7uq(y)

Action perturbation:  5g¢ )
x| dvzeostay)awaty
To access form factors, key physical difference
(plJ(a)|p) =0 for |q| >0

Hence no first-order energy shift (we will use this in a moment)

If E(p)=FE(p=tq) “Breit frame” kinematics

must use degenerate perturbation theory = recover linear energy shift!



3-pt functions
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Proton Form Factors

Phenomenologically-
Interesting region.
Domain dominated by model

calculations...

previously prohibitive to

lattice study.
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Feynman—-Hellmann (2nd order)

Two-point correlator

—S(A) Z |)\ Q|X|N7p | e—EN,p()\)QBO
2EN p(A)
Integral over all fields I only interested in perturpative
— shift of ground-state energy
A4

~ Ay (e PrNzo

“Momentum” quantum# at finite field

‘N7p>)\
p=p+nq, nez



Feynman—-Hellmann (2nd order)

Differentiate spectral sum

a)\z ‘A Q’X‘Nap) ’ e—EN,p(A):CLL _ Z lﬁAN,P(A) _AN,p()\)x48ENaP] e—EN,p()\)CIM

2EN (P, A N oA o
| [aAgA(A) A %EA ] e~ En(Vzs
And again
L [] -5 PAng() ,04we), IBNEN) 4 (), s +AN,p(>\)xi<8Eig,§()\))2]

e

Watch for temporal enhancement ~ xae™
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Feynman—-Hellmann (2nd order)

Differentiate path integral

3 3 —ip.X 1 T —S(A)

8>\/d v /mx(x)x (0)e
0S \
A

— /de eip.x$/D¢X(x)XT(o) [_6_ _ | eSO

“Disconnected” operator insertions;
drop for simplicity

Differentiate again, take zero-field limit and note: 2°5 _ 0

ON?
—/d?’xe_ip'xi/qu (z)xT(0) o5 26_50
N Z A W)

Current insertions integrated 05 / 4 _
— = [ d*y2 ,
over 4-volume O\ y2cos(q.y)q(y)vua(y)

52




Field time orderings ignore finite T

Current insertion possibilities —_— t

Both currents “outside” (together)
X(@)XTO)T(J(y)J(2)));  ya,24 <0 < 24

I . I . l ~ G_Exx47 EX 2 EP

J(y4) J(24) X" (0) X(T4)
Both currents “outside” (opposite) (J(2)x(@)xT(0)J(y)), ya <0< x4 < 24
: : : ~e BXTL Bx 2 By
—_———— 00—
Jya) ox0) 1 x(@a) 1 J(=)

Ex= Ep = changes amplitudes

(x(2)J(2)xT(0)T (), ya <0< 21 <4
OF,

: : : B,
% ~ x4e 1% _>0
: : : OA

linear energy shift
(and changed amplitude)




Flield time orderings

Both currents between creation/annihilation

XH0) © J(ya) J(za) © x(wa)

. 1 08\
/d?’a:e_?’p'xZ—O/qux(x) T(O) (ﬁ) e 90

d3k 1 d3 k'
— d3 d4 d4 sz zqz 1.2 1q.y —1q.y
Z/2w32ENk/2w32ENk/ / / ve e (@ 4 e

x (Qx(2) N, k) (k| TJ(2) ] (y) k') (N7, K[ (0)]2),

Ap

. EMG_EPM /d‘*f (€0 + e=19:€) (p|TJ(£).J(0)|p)

Note g4 =0 = q.&=¢q¢



Final steps

Equate spectral sum and path integral representation

Asymptotically, we have

2B, . A, i y
Ay e B = P Fen [ i (1 4 705 (pITI(€)T(0)]p)
O°E, 1

o ~ T3E, d*¢ (€' +e7'¢) (p|TJ(€)J(0)|p)

S e R R . N



Renormalisation is trivial, not worth creating a slide

qQYuq — Zvayug



Compton amplitude — PDFs



Taylor expansion

Consider moments of structure function

1
U2m—1 =/ dxa:zm_lFl(a:)
0

Series expansion of Compton amplitude

Ts3(w)/4 = w?p1 +w'pz +wpus + . ..

0.20¢

0.05|

input PDFs: MSTW/(LO)

0.00!




“Inversion”

Discrete approximation to parton distribution Fi(x)

Consider discretised integral

M
_ _m Aw? .,
N < M
Use singular value decomposition to invert N xM matrix
K=U [dj,ag(wl, L WNGWN 41 - wn)] VT
/

-~ /
NxM “diag” WN'+1 -, Wy =0, N <N

Pseudoinverse

K~ ' =V |diag(1/wi,...,1/wn,0,...,0)]U"



Qutput

“Pseudo-

inverse”

WX

1
Ts3 = 4 d Fu—d
33 W/O :El _ (CUQZ')2 1 (ZC)

2 F{(x) = 5 [u(z) — d()

Chambers et al., PRL(2017)

input PDFs: MSTW(LO)

Toy model test



http://inspirehep.net/record/1516003

Numerical test: “|_attice results”

qg=(3,5,0) el Compton amplitude from quadratic energy shift

L (subtraction term removed)

pL/(2x) 0 010 —

(-2,1,0) 2/34 0.08'

(-1,1,0) 4/34 006

(1,0,0) 6/34 %« 0.04

(0,1,0) 10/34 ) 0.02} 1

(2,0,0) 12/34 0.00— [

(-1,2,0) 14/34 00 02 o4 o8 os

(1,1,0) 16/34 w

(0,2.0) 20/34 Lattice specs Chambers et al., PRL(2017)

(2,1,0) 22/34 SU(3) symmetric point m., =~ 400 MeV


http://inspirehep.net/record/1516003

(Virtual) Compton amplitude !

accessible on the lattice |

Nonperturbative constraint on
hadronic structure functions
— PDFs + higher twist

L R e R R



