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@ The Kabibbo-Kobayashi-Masakawa (CKM) matrix element
| Vup| is one of the fundamental parameters in the
Standard Model and is an important input to search for
new physics.

@ There is still tension between inclusive and exclusive

| Vub‘- R, 2009

@ The charged current Bs — K~ ¢+ proceeds proportional | ———— o

to V* : 2011
ub

2012

@ combining with further experimental measurements T
. 2013
at LHCb or Belle Il to determine |V |- —
2014
@ This is an alternative to B — 7~ £*v in determining | V| —
from exclusive semileptonic decays, with smaller lattice ————
errors. e
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Similar work by HPQCD(2014) and RBC&UKQCD(2015).

sea valence u,d,s valenceb
HPQCD 2+1 flavors MILC asqtad  HISQ lattice NRQCD
RBC&UKQCD 2+1 flavors domain-wall  domain-wall Columbia RHQ
Fermilab/MILC  2+1 flavors MILC asgtad  asqgtad Fermilab/clover
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Matrix elements and form factors

@ Amplitudes are decomposed into form factors:

M2 _ M2 M2 _ M2
(K(pi)|Ev"bIBs(ps,)) = (pz +pp, — q#%) fH(e?) + 9" == (")
= \/2Mg, [V (Ex) + P! fL(EK)] - (1
f+ and fy are vector and scalar form factors satisfying the kinematic constraint:
f.(0) = £(0). (2

@ fj and f, are form factors related to the temporal and spatial components of the matrix

element:
@) = g [1(E)+ (Me, — )L (E) (sa)
M
D) = Y (M, ~ B (B + (B~ MAL(EQL (@)
Bs K
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Procedure to get the form factors

@ For each ensemble:

@ Determine the lattice Bs meson masses, kaon masses and energies from the lattice
2-point correlation functions.

9 Determine the lattice form factors flllat and f‘f‘ at several discrete kaon momentum py
from two- and three-point correlation functions.

@ Obtain the continuum f; and f, at a finite px by extrapolating the lattice form factors to
physical quark masses and continuum (zero lattice spacing) limits, and matching the
corresponding currents.

@ Construct the continuum form factors £, and f from £ and f, via Eqgs.(3) and extrapolate to
the whole kinematically allowed momentum transfer region, especially at g2 = 0 point.

@ Comprehensive error analysis at all the above steps.
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Correlators

@ On a Euclidean space-time lattice, the correlation functions with momentum py are defined

as:
Co(0) = > (0g,(t x)0f (0,0)), (4a)
Cl(tipk) = D (Ok(t,X)O(0,0))e~Pxx, (4b)
Co M (L Tipk) = D (Ok(0,0)V¥(t,y)OL (T, x))ePk Y, (40)
X,y

with Vi = Tyb = Zy, VI

@ Two-point correlation functions are constructed to extract lattice meson masses and to verify
dispersion relations.

@ Three-point correlation functions are constructed to extract the lattice form factors:

Klu ost

e - KT )
K|t~ b|Bs

f(Ee) = KIEbIB) 1 (5b)

V2Mg;  pjc

Steven Gottlieb (Indiana University) Bs — Kev form factors with 2+1 flavors Lattice 2017, Granada, 6/19/17 6/19



Lattice simulation details

@ Sea quarks: MILC asqgtad ensembles (2+1 flavors with rooted staggered fermions).

9 lattice spacing: ~ 0.12, 0.09 and 0.06 fm; m;/ms ~ 0.05, 0.1, 0.15 and 0.2.

@ Valence quarks: asqtad for u, d and s; Fermilab/clover for b.
@ Valence light quarks are degenerate with the sea light quarks: mj = my.

9 Valence strange quarks are better tuned than the sea strange quarks mj;, # ms.

@ This is a subset of the MILC asqgtad ensembles; chosen based on experience from B — =
and B — K analysis.

~a(fm) NS x N amy/ams amj/am, Neonig  Nsource M Ns
0.12 24° x 64  0.0050/0.0500 0.0050/0.0336 2099 4 3.8
0.09 283 x 96 0.0062/0.031 0.0062/0.0247 1931 4 4.1
0.09 32° x 96  0.00465/0.031 0.00465/0.0247 1015 8 4.1
0.09 40° x 96 0.0031/0.031 0.0031/0.0247 1015 8 4.2
0.09 64° x 96  0.00155/0.031 0.00155/0.0247 791 4 4.8
0.06 64° x 144  0.0018/0.018 0.0018/0.0177 827 4 4.3
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Two-point correlator fits

Two-point correlators are fit to the following functional forms

52 (1:0)

C5 (t: px)

N = 3 is used for the fits.

2
19 . -.-_._.hﬂii
18 . "
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Z(.l n(t+1) 0|OK|KH)>|2

2EY - 20

1.882

1.881

0 2 4 6 8 10 12 14 16 18 20 22 24 26
t

”) (n)
< L gk (Nt—r)).

08

06

04

02

pvalue

Prior central values are set according to the lattice effective masses.

Prior widths are wide enough to avoid bias in the fitting procedure.

tmax is chosen such that the fractional error in the correlators are small (< 3%).
tmin is set to have a good p-value and stable fit result.

pvalue

Z( 1)) 7()'055'85 ) (e‘Mgns)t—ke_Mé?(N’_t)), (6a)

(6b)
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Dispersion relations

@ Lattice energies and amplitudes agree with continuum dispersion relation, £2 = M2 + p2
and Zx(pk) = |(0|Ok|KM)| = Zx(pk = 0), for all ensembles.

@ The energy errors are larger for large lattice momentum and therefore only data with lattice
momentum up to “(1,1,1)” are used.

@ After the dispersion relation is verified, continuum dispersion relation is used to get the

energies.
T T T T
1os | as(alpxl)? ] 105 estalexl)? ]
. S
X I
; : .
o g - T < 1 IS 1
E ? I = ' i 1
s g
N
0.95 | 1 0.95 B
L L . L
0 0.1 0.2 0 0.1 0.2
Ipk|? Ik [?
a~0.12fm
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Three-point correlator fits

Three-point correlators have the following functional form

N—1
( Vs
CBg*}K(t7 T,PK) — § :(_1)m(t+1)(_1) n(T—t— 1)A[.L te MB (T— t) (7)
m,n=0

9@ They share common ingredients, i.e., energies and amplitudes, with the two-point
correlators.

@ A simultaneous fit of two- and three-point correlators is possible and the data is accurate
enough to take the excited states into account.

@ Blue points are the ratio of two- and 032 | ]
three-point correlators that suppress 03| ;))—f—*—‘—-\ |
opposite parity states. Coss | s ]

@ Black curve is the simultaneous fit Eosl .
result; agrees well with the ratio data L |
(blue points). «

] ) ) 0.22 - fitted £
° is the resulting amplitude O coﬁ'é.er%f?ﬁéiﬂﬁ —— |

without excited states. P
-2 0 2 4 6 8 10 12 14 16
t

a=0.12fm
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Chiral continuum extrapolation

@ SU(2) HMrSxPT:

0
feNLO = f,‘(a 31 + 6fp jogs) + Chx1 + CoXn + ChXE + ChxE + CRXEl, (8)
where the leading order term is
1 ol
- 9
f Ex + Af;, ©)

@ The A} takes the pole contribution into account:

. Mg MR — MR
aAp=-8 B K (10)
2Ms,

They are determined by requiring f; and f, to have the same pole as f, and f;.

@ The vector meson (with J® = 1) has been experimentally measured [PDG(2016)] as
Mg = 5324.65(25)MeV.

@ The scalar B* meson (with JP = 07) has not been observed experimentally, but lattice
calculation [HPQCD(2011)] suggests the mass difference between 0 and 0~ states to be
around 400MeV:

Mg« (0") — Mg ~ 400MeV. (11)

@ The JP = 1~ pole is below the Br production threshold, while the 0* one is slightly above it.
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Chiral continuum extrapolation

Fitting the f; and f, simultaneously.

©

The next-to-next leading order (NNLO) HMrSxPT is used as the central fit.

©

The statistical errors dominate over various systematic ones.

@ x?2/dof[dof] = 0.89[42]; p-value is 0.68.

1.6 T T T T 24 — T T T T
a~0.12 fm am;/am, = 0.10 a~0.12 fm am;/am, = 0.10
14 2~ 0.09 fm amy/am, = 0.20 1 | 22 | 2~ 0.09 fm am;/am, = 0.20 ——~— -
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Error budgets

60 H%’ —
f. r
50 ) 20ty 2y vt
& 40 Stat. + HQ, LQ dis. + g =
g 6
S 20 °
4
10
@ The statistical errors, especially the ones o 2
coming from the chiral-continuum 18 19 20 21 2 23
extrapolation and discretization, are large in 7 (GevE)
the small g2 region.
@ A reliable method is needed to extrapolate 60 e —_— | °
the form factors to g2 = 0. fo 1
50 vy Dy Py —
mi e—
40 Stat. + HQ, LQ dis. + g

(errors)?(%2)
errors(%)

q° (GeV?)
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Functional z-expansion

@ Functional method (prpsz, 2015) with BCL 1L |
z-expansion is used.

@ Fit f; and f simultaneously by keeping up
to 2% terms without any constraint.

@ The kinematic constraint
f(g? = 0) = f(g® = 0) is satisfied
automatically.

@ The unitarity condition
Zf;,n:o Bmnbmbn < 1 is satisfied
automatically.

@ Adding the heavy quark and/or kinematic
constraints decreases the form factor errors
at g2 = 0 slightly.
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@ Fitting the f. and fy simultaneously.
@ K =4 (up to z3) without constraint is used as the central fit.
@ x?/dof[dof] = 0.82[5]; p-value is 0.54.

@ Z factors are still “blinded”.

3.5 T T T T T

3| fo m— i

25 | 44
2+ VA

< sl // 4
1t :

<

0.5 I ol S

0 . | | | | |
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@ Analysis is almost done for Bs — K/{v form factors on 2+1 flavors asqtad ensembles.
@ Need to:

@ Complete the error estimates.

(4

Unblind the Z factors and get the final form factors for phenomenology.

©

Write-up a paper.

©

Wait for experimental input and determine | V|

Steven Gottlieb (Indiana University) Bs — Kev form factors with 2+1 flavors Lattice 2017, Granada, 6/



BACKUP
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z-parametrization

@ Map the whole complex g? plane onto the unit disk in the z plane.

\Y4 tcut - q2 -V tcul - tO

2(P ) = ,
( 0) V tcut_q2+m
142z
P = tu-— (3 _2)2(1fcut — 10),
leut = (MB + M7r)2,
- = (MBS - MK)27

tO = tcut(1 — 1\ 1 —_ tf/tcm).
@t is the Br pair-production threshold.
@ t_ is the maximum momentum-transfer squared allowed in the Bs — K~ ¢*v decay.

@ ty is chosen such that the full kinematic range for Bs — K~ ¢+ v decay is centered around the
origin z = 0, i.e., by solving 2(g? = 0, ) = —z(q? = t_, fy).

@ Lattice data range: 0.87 < r{Ex < 1.71;17.4 < ¢ < 23.1; —0.178 < z < —0.018.

@ Kinematically allowed range:
—0.204 = z(¢? = t_, 1)) < z< z(¢? = 0, ) = 0.204.
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BCL parametrization of the z-expansion

By analyticity and positivity properties of vacuum polarization functions, the form factors can be expanded as (BGL)

1 =)

- an(ty)2", (12)
B ) 2

(%) =
where B(qz) = z(qz. M2 « ) is the Blaschke factor,which takes the pole(s) into account; d>(q2, fo) is a complicated outer function, computable via

perturbative QCD and the operator product expansion.
From unitarity and crossing symmetry, one gets (unitarity condition):

2
S apty) < 1. (13)
n=0
An alternative simplier parametrization is
2
f(q )— _ Z by ( to)z (14)
qz/ mz k=0

y . of. . K—1
From angular momentum conservation and analycity, one can get T; |z—_1 =0, whichmeans by = > (—1 )k*K*1 _E by -
k=0

Therefore, Eq. (14) can be written as (BCL)

2 ! K K k—Kk kK K
@) = —5—5— X by | — (=R (15)
1—09%/mgs k=0 K

fo can be expanded as 25:0 bkzk or as in Eq. (14) depending on the importance of the scalar pole.
The unitarity condition in BGL Eq. (13) becomes

Z By (tp)bj(tp)bk (t) < 1. (16)
J,k=0

where the Bjk is calculatable via the outer function ¢(q2, f)-
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