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Overview

Why Lattice QCD in the Strong Coupling Regime?
Link Integration Revisited

Dual Representation in the Strong Coupling Regime
The Phase Diagram in the Strong Coupling Regime

— see talk of Jangho Kim
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Motivation

Why use strong coupling methods
for finite density QCD?
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QCD Phase Diagram and Finite Density Sign Problem
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@ Sign problem: no direct RHMC simulations at finite p, fermion
determinant-basesd algorithms cannot address large p (yet)

[ Sign problem is representation dependent! ]

@ Change of Variables: Hubbard Stratonovich trafos [Vairinhos & de Forcrand '14],
Induced QCD [Brandt, Lohmayer & Wettig '16],
Abelian Color Cycles [Marcha & Gattringer '17]
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Why Lattice QCD at Strong Coupling?

Alternative approach: ’
PP U'(x—i) U,(x)
Plx—w) W(x)w(x) Wlx+)
8 8o _ 6
Limit of strong coupling: [ = =z 0 - + B
Plx)w(x)

@ gauge fields U,(x) can be integrated OUt gotlpt » Moyl 8l

R

@ “dual” representation: via color singlets on the links!
@ at strong coupling: mesons and baryons
a(B) lattice spacin
Adva ntage' (non-perturbative, e.g.l:l,rom r‘,)%“,«]v y>)
@ has chiral symmetry breaking and confinement
@ (almost) no sign problem

@ fast simulations (no supercomputers necessary)
= complete phase diagram can be calculated

=0 >
Caveat: l B

@ was limited to infinitely strong coupling — coarse lattices

[ Gauge corrections for § > 0 needed! }
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Strong Coupling Partition Function

Exact rewriting after Grassmann integration: Mapping onto discrete system:
[Rossi & Wolff '84], [Karsch & Mutter '89]

Ne — kp)!
Zr(mg, p1) = Z H (lebb) H

{kn, £} b=(x,p)

HWZ;L)

A,_/
meson hoppings MxM,,  chiral condensate 1) baryon hoppings By By,

ky € {0,...Nc}, nx € {0,... Nc}, £, € {0, £1}, QCD: N =3

@ Grassmann constraint:

. ey Bl s
SIP O CUR ) U el e
p==40,...+d
—_—— — |=
@ weight w(¥, ;1) and sign o(¢) € {—1,+1} =0 |:= o
for oriented baryonic loop ¢ depends on —o e—e $——
loop geometry = —— ¢ » =—
@ Sampled via Worm algorithm [Prokof’ev & v i /

Svistunov '01], [Adams & Chandrasekharan '03]

finite quark mass
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Gauge Integrals

Revisiting Link Integration

In collaboration with Jangho Kim, Giuseppe Gagliardi
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One-Link Integrals

@ Link integration no longer factorizes when coupled by plaquettes from Sg:
Up = Uu()Un(x + ) Un(x + 2)T UL (x)" = Uu(x)Sp, P = (x,1,0)

@ Our strategy: Brute force expansion of the full action
on each link, the matrix U = U,(x) is integrated out, with the quark matrices
M,;? = §(y)qi(x) and the staples Sp:

8 . .
TM, MT, Sp, 5;) _ /dU eu[M’ru]+<,[MUT]emngu(n[usp]ﬁl[ws;])
np+np

G
(s%)
:/dU E tr[MTU]"atl[MUT])"‘b E E A r[USR]"Pir[UTSTP
K np n
G

Kaskp PDU np,np

) np+np

Z Z Z € dUL M U]"2 e[ MUT]) b e [USp] P te[UT SE]P
Kalkp! np'np! c

Ka,kp PDU np,ip

oty X [ITmese oz =S o=

{,a,ja kgilg} a=1 =1 POU POU
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One-Link Integrals

@ Integrals a,b _ o Ty s
5= [wllos ),

a=1 B=1

are known, recursively [Creutz '80] or via Weingarten functions:

@ Express everything in permutations o, 7; for U(N.) [Collins '03] a = b = n:
Iq /a,, ) n,Ne AN,y 1L ()2,
Z H < s, )Wg (ler™), Wg"V(p) = e Z N
@ )\: irrep given by integer partition / Young diagram of bounded height
@ fy: dimension of the irreducible representation of S,
@ D,: dimension of the irreducible representation of U(N.) and SU(N.)
@ p: the conjugacy class (given by the cycle structure of the permutation o7 1)
@ x?: the character of S, example: Wg>Me([21]) = W(INCQ_M
J“dUUUU;,:Nia B =2 e e
1
.[dUUi.i. th,{, Uk,—N—(B ;1,001 +0; 101,074,874 ‘) m(éi.lzai:l,éhk,61}&»"'6:l'5 19505 )
— =
j;:::(_DC‘F)é _DC : )@
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One-Link Integrals

@ Integrals

3 Z/dUHUf"“ H(Uf)k[’f
a=1 B=1

are known, recursive [M. Creutz '80] or via Weingarten functions:
@ We extended and showed for SU(N.) (g = (a — b)/N.):

,'J’ ; = Bne q)z Z Ia blo{e} Z H( Ir Jdr )) Web ¥ e ([0 1))

Dp=1£,_,=1 o, €S, r=1
gNc,0 Jey s---Je Jeg,, s e,
I L = ey, € ey J[€TTNe M DNe 1T Rl ]
ey 10 e (q—1)No+1""" "N
{e}
Ne—1

Buta) = o) || =5
s=0

@ Dy = {di,...dp}: subindex set that enters Kronecker deltas

@ &, ={e,...e_p}: subindex set that enters epsilon tensors
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One-Link Integrals

@ Depending on how many fermions hoppings contribute to the link integral:
restrict the contributions to the Weingarten function:

n 1 fA 2 n n
We""\(p) = )2 (D) X5 W (o) =Y W, (p)
AbFn
AEA

@ At strong coupling: fermions dictate anti-symmetric irrep A = {[1"]}, n < Ne

_ I Jdr(r) nNe 1
0= 3 T (s, s ) ety o

Dp=1o0,7€S, r=1

—ZZHM B L sento). o=l

Dp=1 pkn r=1

INC E [6,61 ey, ][CJel jeNC] = det[.. ]

Eng =1

@ reproduces well known result!

@ sgn(p) is cancelled by ordering fermions in Grassmann integration
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One-Link Integrals

@ Depending on how many fermions hoppings contribute to the link integral:
restrict the contributions to the Weingarten function:

n 1 fA 2 n n
We""\(p) = )2 7(03 X5 We™Ma(p) = We™, (p)
AbFn
AEA

@ For the leading order gauge corrections, the additional gauge link from the
plaquette allows partial symmetrization: A = {[1"],[21" 2]}

n n
) Ir Jdr(r n,Ng N -
I"]:’k,(A) = E E I | (5%“) s )> Wel M (lo o 7 + Wl o (lo o))

Dp=lo,7€Sy r=1

Jd-,— 1 (Ne —n)t g (Ne +1=n)! [por—1)
- Z 2 H( ") e (St o+ ST

Dp=1lo,7€S, r=1
_ ) (Ne =)t [ Ne+1—n ,
= Z Z trpl Iy 38 T Xy

@ reproduces the O(3) correction

° trp[...]:Htr[(...)i 7 dtipi=n

i
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Putting together the link integrals

@ “Dimer Approach” to Pure Gauge Theory: all irreps A contribute, color
contraction along plaquettes, “k-dimers” carry two permutations

Wg'(o,1,") 1

@ Together with Staggered Fermions: only some part of the Weingarten functions
enter, additional site weights v;(N.) from Grassmann integration

‘ We'(o,7,") wg'(o,7,")

@Tiéa\/éiE
W' (057,") (v .
=——ar——— ‘ vy%i&?;\%%g@

wg'(o,t,') - Wo'lo,t))

wg'(o 3T, D]

Wolfgang Unger Dual Formulation of Lattice QCD in the Strong Coupling Regime Granda, 21.06.2017



Lattice QCD in the Strong Coupling Regime

Dual Variable (Color Singlet) Representation

Z ——» Baryonic Quark Flux
qg gg —————» Mesonic Quark Flux

\ ——» Gauge Flux
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Plaquette Occupation Numbers and Flux Variables

New interpretation of dual representation:

@ at strong coupling limit: dimers=meson hoppings, 3-fluxes=baryons
@ away from strong coupling limit: dimers = color singlets (=U(3) sector),
3-fluxes = color triplets

@ in principle: also 6-flux, 9-flux,. . .sectors from pure gauge sector, but neglected here
Plaquette occupation numbers at plaquette coordinate P:

@ equivalence classes of difference of fundamental plaquettes Tr[Up]
and anti-fundamental plaquettes Tr[U;r,] from gauge action:

np = ne(P) — nz(P) mod 3 = B — u(B)

@ plaquette orientations induce link fluxes f;, and define flux sites f;:

) I | i e

Wolfgang Unger Dual Formulation of Lattice QCD in the Strong Coupling Regime Granda, 21.06.2017 15



Grassmann integration

Free color indices need to be contracted at each site (for given ensemble of plaquettes)
@ in general, gives rise to tensor networks/vertex model — (too) difficult!
Simplifications in the U(3) sector:
@ plaquette occupations np, n,, € Z can only differ by £1 if p, p’ adjacent

@ plaquette occupations np, n,y € Z cannot share a site if they do not share a link:

= [ Gauge fluxes f;, form self-avoiding loops: ¢f = {b|f, = +1} J

@ Ensemble of plaquette world sheets bounded by quarks

@ Does not apply to the additional SU(3) contributions: so far restricted to first non-trivial
contribution (3-flux sector)
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MDP+P partition sum: monomers+dimers+worldlines+worldsheets

np+ip
a5 T ety T e [ [ TS

{k,n,€,np} b=( X P

%,_/\W_/

singlet hoppings My M), chiral condensate 1) triplet hoppings By Byeight modifications gluon propagation

k € {0,... Nc}, nx €{0,... Nc}, £, € {0, %1}, f, = Onp, =3 >, |l

@ color constraint: A
ne + E ka(X)+7|la(X)| = Ne + £

o=40,...+d
@ 3-flux weight w(¢r) involves additional site weights v, and link weights w(B):

at O(B): w(By) = go—yr,  w(B) = S5,

new at O(8%): w(Bs) = w(Bs) = w

1

[ Sign of a configuration factorizes in 3-flux sign and gauge flux sign! J

o(C)=]Jetn o), o(t) = (1) OO [ ] nu(x)
L5 03 7
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Crosschecks for Pure Gauge Theory

d=3, PLAQ only valid in strong coupling regime
1

0.8

0.6

0.4

0.2

d=:
1

08 U(1) PLAQ +—x—t
U(2) PLAQ +——
06 | U(3) PLAQ +—~—
SU(2)PLAQ +

04l SU(3) PLAQ
- U(f) M/HB +——
U(2) M/HB +—=—
02 UB) M/HB =
SUR) M/HB +—=—

o SU(3) WHB

@ Plaquette algorithm for U(N,) and SU(N.) Pure Gauge Theory: extensions of the
U(1) random surface ensemble [Korzec & Wolff '13]

@ for d > 2 and N > 1: validity confined to the strong coupling regime
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Crosschecks with staggered quarks for U(N.), SU(N,)

Average Plaquette Polyakov Loop Chiral Condensate
0.25 T T 0.35 T T

ot
03 F .4 =5

MDP S‘U(S) [ ) MDP SU

0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
amg am,

@ Plaquette and Polykov Loop agree with analytic prediction and HMC (p = 0)
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Conclusions

Results:

@ Integrals and resulting invariants (dimers, fluxes) related to Weingarten functions

@ Grassmann integration simplifies in U(3) sector
— gauge fluxes form self-avoiding loops

@ Direct Simulations with O(3)® corrections possible,
extending the reweighting result [de Forcrand, Langelage, Philipsen, U. '14]
— see talk of Jangho Kim

Prospects for the future:
@ In practice restricted to rather small 8 due to the sign problem
@ Improve plaquette algorithm — incorporate character expansion

@ Surface worm [Delgado, Gattriger & Schmidt '12] instead of local plaquette update?
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Backup: Strong Coupling LQCD at Finite Temperature

How to vary the temperature?
@ aT = 1/N, is discrete with N, even

@ aT.~15 = we cannot address the phase transition!

Solution: introduce an anisotropy ~ in the Dirac couplings:

Lo = 3 L0 (0) (4700 Ua () + ) = €0 x + ) UL (X()

Ne — ks)! N! o
ZF(mqvﬂfy = Z H (lebb) Ika(S Hﬁ(zamQ) HW(&/‘)
£

{k,n,€} b=( x

© Mean-field at strong coupling: 2 =¢{(7) = ~?
2
= mean-field defintition of the temperature: al ~ 3~

[ Non-perturbative determination of the anisotropy & = a/a- () [arXiv:1701.08324] ]
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Backup: Young Tableaux - Color Structure

So, what are the C] (and for O(8), O(B°): C;*"*, C; "2, etc) ?

@ answer: related to irreducible representations of the symmetric group S, with
n=r1+r=kKy+s

r=(4) 2=(3,1) 2=(2.2) 2=(2,1,1)  Aa=(1,1,1,1)
d=1 d=3 d=2 d=3 d=1
-1 WZE Eﬁ [+]]
B 2]
B
Young Tableaux A = (A1,... Ax): EZ. Eﬁ E
@ Standard Young tableaux [2]
correspond to irreps of S, with BE.
dimension d) = % with Hook
lengths H) >
@ used to determine dimension 2
Dy = %\- of irreps of SU(Nc) — -
:lN:j':’ F=N_(N?-1)(N+2)  F=NI(N!-1) F=N/(N-1)(N-2) FZKN%M'
DK | [~] I
=] e [
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Backup: Young Tableaux - Flavor Structure

So, what are the C] (and for O(8), O(B°): C;*"*, C; "2, etc) ?

@ answer: related to irreducible representations of the symmetric group S, with

n=r1+r=kKy+s

=(4)

Young Tableaux 7 = (t1, ... tx):
@ conjugacy classes

<> cycle structure of S,
< flavor permutations

@ at a given order n, the trace
structure 7 = (t1,... tx) with
T = [[ Tr[Mi,]% is equivalent
to a partition of n: Z iti=n

i

@ example: m = (136)(24)(58)(7) c=3
- tH=1,t=21t=1 o o p —
o o o o p—

Wolfgang Unger Dual Formulation of Lattice QCD in the Strong Coupling Regime
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Backup: Table of Characters and Invariants

T A (1,1,1,1) (2,1,1) (2,2) (3,1) (4)  Sum
(4,0,0,0 1 3 2 3 1 10
(2,1,0,0) 1 1 0 1 0
(0,2,0,0) 1 -1 2 11 2
(1,0,1,0) 1 0 1 0 1 1
(0,0,0,1 1 -1 0 1 -1 0

Sum 5 2 3 2 1
Table: Characters x3 for n =4

T A (1,1,1,1) (2,1,1) (2,2) (3,1) (4) Sum
(4,0,0,0 1 9 4 9 1 24
(2.1,0,0) 6 18 0 -18 -6 0
(0,2,0,0) 3 9 12 9 3 0
(1,0,1,0) 8 0 -16 0o 8 0
(0,0,0,1 6 -18 0 18 -6 0

Sum 24 0 0 0 0

Wolfgang Unger

Table: Invariants Cy for n =4
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