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d-dim Lattice

onV =1L x Ly x...x Lywith gauge group
G = SUg(N; > 2),SU,(N; > 2)

v

wave function at a lattice site x: (X))
gauge field at x in direction p: U, (x)
translation operator in direction p:

Tl (x)) = (=1)"%ata Uy, (x)[o(x+ep))

naive lattice Dirac operator:
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D =(Tu— T})
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generalized (Euclidean) Dirac matrices:

| i + e2)d

[7#: 71/]4- = 26;w



Symmetries

» chiral symmetry (only when d is even):

» chirality: [D,7®)], =0

» charge conjugation (only when group repr. real or quaternion):
» complex conjugation: K

real repr.: SU,(N; > 2): [K,U]- =0vYU e G

» quaternion repr.: SU(N, = 2): [Kn, U]- =0VU € G

charge conjugation operator: C = K or C = Km(
with ¢ product of y-matrices

[C,@=1/2 1 — [C,,9d=1)/2,(8)]  — [C,4d-1/2D]_ — 0
CZ — (_1 )(d+2)(d+1)d(d—1)/8(K<)2
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Artificial Symmetries

Li=5 Li=6

+

Definition of T Definition of Ty
does not work! does work !

> if Lj even: T|(x)) = (—1)%]4(x))

> [N Tul+ =0 and [F Tl 20

» Define: Fj(5) =T

> 0.7 = ®. TP = (0.0 2] — o

> [, =26



Reduced Dirac Operator

» Schur’s lemma: There is a basis in which D has the form:

D — Dred®diag(1],—1]), d— Ny odd,
B Dred & 17 ad— Nev even

v

Reduced Dirac Operator:

Deeq = Z D (red) Z Dl(ired),m

D..q is maximally Kramer’s degenerate
D.q is only chiral if d — N,, is even
Dred = Dstaggered ford = Nev
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Cartan Classification Scheme

] | RMT | Matrix Form \
Hermitian GUE(n) H=H1
real symmetric GOE(n) H=H" = H*
real self-dual GSE(n) H=0,H"6, = 6,H*6
im. antisymmetric | GAOE, (n) H=-HT = —H*
im. anti-self-dual GASE(n) H=—0HT65 = —05H*65
. 0 W
chiral Herm. xGUE, (n) H= w0 |
. 0 W .
chiral real xGOE, (n) H= w0 | W=Ww
hiral [ GSE H= [ 0 W w w+
chiral quaternion X v(n) =l wt o | = 0, W*05
. . T 0 W] r
chiral symmetric GBOE(n) H= wt oo | wW=w
chiral antisymmetric | GBSE,(n) | H = 0o W , W=—-wT

L W-l- 0 -




Symmetry Breaking Patterns

[ d—N. | real repr. | complexrepr. |  quaternionrepr. |
U (2chf) 8] (Neff) x U (Neff) U (2chf)
8m { { 4
USp (2Neff) U (Neff) O (2Neff)
(@) (2Neff) U (2Neff) USp (2Neff)
8m+1 i N N
U (Netr) U (Netr) < U (Negr) U (Netr)
O (2NC[‘|‘) X O (ZNCH‘) U (Neff) x U (Neff) USp (ZNC“‘) X USp (2Ncl'l')
8m+2 1 1 1
(0] (2Neﬁ‘) 18] (Neff) USp (2Neff)
(@) (2N€ff) U (2Neff) USp (4Neff)
8m+3 1 b +
O (Negr) % O (Negr)  |U (Negr) X U (Nege) [USP (2Negr) x USPp (2Negr)
[8m+4+1] quat. repr. for8m+ /] see8m+/ | realrepr. for8m+/ |

Neit = dyeg N With dje, degeneracy (without Kramers) of D



Comparison with RMT

Two Observables
» Dysonindex fp = 1,2,4
» Microscopic level density: e.g. for gp =2

() = 5 (S0 1001 ())

» Level spacing distribution (Wigner’s surmise)

Psp(8) o 87 exp [—vsﬂ



Comparison: MC vs. RMT
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Comparison: MC vs. RMT
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Comparison: MC vs. R
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Summary & Outlook

» No exact zero modes in naive and staggered
discretization for any dimension d>2!

» Global symmetries are Bott periodic in the dimension d
and the number N,, of directions with even partition

» Global symmetries are those of (d-Ney)-dim continuum
theory

» Odd partition in all directions have always the correct
symmetry!

» Staggered fermions have always the global symmetries of
the continuum theory at d=8!

Open Problems:

» Do the global symmetries change when taking the
continuum limit?

» If yes: How is this happening?
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