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High partial wave state

otivation : How important of
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Nucleon-Nuclei scattering

P wave phase shifts are the key of “A -puzzle” in

nucleon-deuteron scattering.



~ Motivation : How to get High partial

wave state in the finite volume ??

Symmetry SO(3) O
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Motivation : Infinite €<= Finite

ot Af
Ty At 6%, ..

2 EOT, E* 2%,4%,6%,8", ..
3 AT, DT, T, 4%,6%,8%, ..

4 AOERTOT, T,*  2°,4%,6%,8%, .
5- ED2T, DT, AY 9, .

6* A DA 'OEOT @2T," A 3,7,9,

7 A;OE®2T, 2T, E 5,7, 9, ..

8 A®2E*D 2T, @ 2T, T 1,3,5,7,9,
9 A®A, BE®IT,D2T, T,  3,5,7,9,
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Motivation : Infinite €& Finite
so3)jo, 0, [so@)

0*
Ty At 6%, ..

2 E*OT, EX 2%,4%,6%,8", ..
3 AT, DT, T, 4%,6%,8%, ..

4 AOERTOT, T,*  2°,4%,6%, 8, .
5- ED2T, DT, AY 9, .

6* A DA, *OE'DT DT, A, 3,7,9, ..

7 A;OE®2T, 2T, E 5,7, 9, ..

8 A®2E*D 2T, D 2T, T  1,3,5,7,9, ..
9 A DA, BED3T, ®2T, T, 3,5,7,9, ..

For the High Partial Wave scattering amplitudes, we need the spectra of
various irreducible representations.



New Method: Rotation of O,

Question: How to express the rotation elements of O, group ?

There are 48 rotation elements which can connect 48 vectors in the coordinate space.

Rotation | Rotation | (x,,x,,x;)
Axis Angle

R\ (X1/X21X3)
R, (1,1,1) -120° (X, X3,X1)
R,4 (0,0,1) -180° (-Xq, X5, X3)
R\25= ﬁR\l - - (-X]_I-XZI-X3)
§26= ﬁ:ﬁz - - (_XZI_X3I_X1)
Rue= Ry, - ) (X0 X0 X5) T. Luu and M. J. Savage,

PRD 83 114508(2011)



~ New Method: Two body Operator

=l

R™15/2

@R =

B(Z,5,t) = xa(Z+6/2,t)xp(Z - §/2,1)

Rotation Elements: R = {ﬁl,ﬁz, ---,§48}

—

dr(T,8,t) = xa(Z+ R™15/2,t)xp(Z — R715/2,1)

There are 48 different two particles operator, ¢.



~ New Method: Two body Operator
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B(Z,5,t) = xa(Z+6/2,t)xp(Z - §/2,1)

Rotation Elements: R = {ﬁl,ﬁz, ...,§48}
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There are 48 different two particles operator, ¢.



New Method: Two body Operator

=l

R™15/2

@R =

B(Z,5,t) = xa(Z+6/2,t)xp(Z - §/2,1)

Rotation Elements: R = {ﬁl,ﬁz, ...,§48}
0 =1(0,.90,0.}
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T+6/2=1cZ®
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Simplifies continuum rotation symmetry

—

dr(T,8,t) = xa(Z+ R™15/2,t)xp(Z — R715/2,1)

There are 48 different two particles operator, ¢.



New Method: Basis State (1)

ot = lost® 6.t ~ o (0]

Reldn* (8)) = 16rr* (8)) = Zalbrr* (8)) [Freg (Rl

Matrix freg (Rx) is one of the matrices of representation of O, group, and it is 48
X48 matrix. Obviously, there are 48 matrices of [}, corresponding to 48 rotation
elements of O, group. The representation matrices I}.., use all the elements of the
group as multipliers, and the dimension of it equal to the order of the group. This
representation is called “regular representation”.

Regular representation I}, is a reducible representation, it can be reduced to
several irreducible representations through similarity transformation:

STTe(Ry)S = A" @A, @2E* @ 3T, @ 3T,

DA, DA, G2E- G 3T, @ 3T,



New Method: Basis State (2)

Reldr* (8)) = [0ryn* (8)) = Zarldr* (8)) Freg Relars

Sey S = A" @A, @2EY @ 3T, O 3T, . .
OA,~ D A,” ®2E- @ 3T, ® 3T,~ M E T
e i
+1+1+4+2%X24+3%x3+3X%X3

N
This block-diagonal matrices will lead to a new set of basis states: | CI)l- rn v (6 )>



" New Method: Basis State (3)

Reldr* (8)) = [0ryn* (8)) = Zarldr* (8)) Freg Relars

Sey S = A" @A, @2EY @ 3T, O 3T, .
OA,~ D A,” ®2E- @ 3T, ® 3T,~ M E T

0 T iy e b i
+1+1+4+2%X24+3%x3+3X%X3




New Method: Correlation Function(1)

The correlation function is:
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New Method: Correlation Function(1)

The correlation function is:
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New Method: Correlation Function(1)

The correlation function is:
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New Method: Correlation Function(1)
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New Method: Correlation Function(2)

The correlation function is:

N TN, (G, 6, )] L (F, 5, 0)]0)

y—zZ€Z3

@1n" (8)) = el (E)Sle, irn
S (ot (RE) e~ Y61 () = Z<¢*(R’RR’ 15) e~ Tt gt (6))



New Method: Correlation Function(2)

The correlation function is:

N TN, (G, 6, )] L (F, 5, 0)]0)

Epnnn sy

y—zZ€Z3

|(bll‘n+(5)> ZR|¢R+(5)> R i'n
D> (' (RS)le 16 (8) = Y (of (R RR6)]e |6 (6))



New Method: Correlation Function(2)

The correlation function is:
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New Method: Correlation Function(2)

The correlation function is:
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Pion-Pion with I=2: Correlation function

- X~ (%,1) = w(Z,1)15d(Z, 1)
dr(Z,0,t) = Xn- (+ R 18/2,t)Xx (& — R716/2,¢)
L =0% 2% 4%, ..., and here we neglectL >4
PR | oc, scn | 3C, 36n | oG, oCin | 6C oCn L
At 1 1 1 1 1
E* 2 -1 2 0 0
T 3 0 -1 -1 1
T, 3 0 -1 1 -1
Gr(i,%,6,t) = Y xr(R) Z (Qor(7,0,t)9"(Z,6,0)|0)
ReOy, T YA
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Pion-Pion with |=2: Spectra

The result of L = 243x48 and a = 0.07 fm, m_= 900 MeV
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Pion-Pion with |=2: Luscher Equation
det(Ctgéo(pAlHMﬁl(pAl) Mél(p"‘l ) WG (s CyD

M3 (pa,) ctgda(pa,) + Msy (pa,)

Aro (1, 1) (0 1)
E
det( Ctgég(];\?)E‘é‘pj\gn(pE) ctg(s (éwl)Qip]?}E (p ) ) — () (1,2) (4;i72_1)
12(PE T 4 ET 22\FE (2,2) (0,1), (422, (6,2,
. ( = = . (825
Mlg(m) ct954(pT2)+M2§(pTg) E* (L1) (0,1), (4%)
Z L S (1,2) (4, 120\/5) (6, 30\/5)
g Bl q) (22) (810906733
S V(25 | Limdgetl B
T (1,1) (0,1), (4-2)
But only 3 equations, but 6 different phase shifts, (1,2) (4,-8253) (6,423)
50(pA1)' 54(}9,41)» 52 (pE); 54(pE)’ 62 (pTz)' 64(pT2)' (2 2) (O 1)

: (4,—>>), (6,5)
M. Liischer NPB 354 531 (1991)



Pion-Pion with 1=2: Toy Model

By fitting experimental data up to p = 600 MeV, for L=0, 2, 4 partial wave, the phase
shifts can be expressed as

e

2L+1Cots e e W. Hoogland, ect NPB 126 106 (1977)
£ 1(p) R S b D. H. Cohen, ect PRD 7 661 (1973)
G- 08V L v oEeel ! A. Zieminski, ect NPB 69 502 (1974)
N. Durusa, ect PLB 45 517 (1973)
ay = —2.4GeV ™", 1o =0 J. J. Dudek, ect PRD 86 034031(2012)
as = —5.0GeV=" ry=0
T ( cotdo(pa,) + M (pa,) M3 (pa,) ) g
Al Al A
My (pa,) cotdy(pa,) + My (pa,)
cotda(pr) + Mii (pE) Mis(pE) -
d.et E E =)
Mi5(pE) cotds(pE) + My (pE)
- ( colb(pr,) + M (pr,) Mi; (pr.) ) .
M3 (pr,) cotds(pr,) + May ()



Pion-Pion with 1=2: Toy Model

By fitting experimental data up to p = 600 MeV, for L=0, 2, 4 partial wave, the phase

shifts can be expressed as
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Pion-Pion with I=2: Phase Shift
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Summary

In the coordinate space, we develop a new method to
extract spectra of irreducible representation in the
finite volume. It just cost two source inversions per
measurement.

We apply this method for mmt system with [=2 in the

rest frame. It successfully generates signals of ground
state of A1, E, and T2 representation. Then we can get
phase shifts through Liischer equation and toy model.
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/ utlook

This method is also useful for boost frame. It just
replace little group for boost frame instead of O,

— I I

For the excited states in the each irreducible
representation, we need to develop more two particle
operators and use variational method.

Operators basis distinguished by different 5.

L —
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Thanks for attention



New Method: Basis State (2)

or*(%,6,0)I0) = |9:"(%,6,0)) ~ 195" (8))
Reldr* (8)) = 9ryn* (8)) = Zaddn* (8)) Freg Rl

[yegq is “regular representation” b - ( g)
It can reduced to several irreducible representations : | LI
- +
STreg S = A" @ 4;" G2ET B3NS 3T, .
®A,” DA, ®2E- D3T, D3T, . g T,
n:

1,2 n:1, 2,3
This block-diagonal matrices will lead to a new set of basis states:

R\X |Cbi,F,n+(5)> = Zi’,F’,n’ |cDi’,F’,nl+(5)> [5_1 rreg(RX) S]i’F’n’, i'n




" New Method: Basis State (3)

ot (%6,6)10) = [pr"(2,6,1)) ~ |pr " (5))
Relgn* (8)) = 195" (8)) = Znlr* (6)) [Freg (Ri)lie

[req is “regular representation”.
It can reduced to several irreducible representations :

SE.. S Ataatamptaar toay
@A, DA, ®2E ©3T, D3T,

This reduced matrix will lead new basic state:
ﬁX |cDi,F,n+((§>)> = Zi’,r",n’ |q)i’,r",nr+(g)> [S_l r7‘eg(RX) S]i’r"n’, i'n
tra |D, + (5)
|¢R (5)> EEEEEE—— ,I'n
@50 (8)) = Zel e (B)ISIr, i
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New Method: Basis State (4)

Summary, now we have two sets of basis states, related by the transformation matrix S.

@4n" (8)) = el (E)Sle, irn

The representation matrix of these states are satisfied:
§X|¢R+(5)> - ZRI|¢RI+(5)) [rreg(RX)]R’R
Ry |q)i,1",n+(5)> =i |q’i’,r’,n/+(5)> [SE B (R S

SSIE. S - ¥ mateprtamar g
DA, DA, B2E~ 3T, @ 3T,

We can make matrix S as an unitary matrix, S*= S
Then the normalization is satisfied:

(0%(8)|¢% (8)) = Sr,r

(@jﬁrjn((ﬁ)@j,,r,’n, (8)) = 8;.5/6r. 1O



New Method: Correlation Function(1)

The correlation function is:

GR,R’ (ﬁ: nga fa g) t) e Z eﬁ(g_f) <Q‘¢R(gv ga t)¢;%’(fv gv O)’Q>

—_

(7,5, 0)) ~ > (¢T(R™18) e~ Tt |g! (R'~18))
48x48 | )| 10

S (ot (R~ T oT(B)) =Y (¢! (R'RR'715)|e o1 (5))
=Y (¢'(RR'O) e P |pt(R'E)) = (¢! (R'RS)e (gt (R'S))

ﬁRf

R
o | RS 5
3 =A6
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