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HLbL contribution to g − 2

gyromagnetic moment: µ = g
e

2m
S

anomalous magnetic moment: aµ = g−2
2

≈ 3 to 4 standard deviations discrepancy between aexpµ and atheoµ

→ new physics?
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HLbL contribution to g − 2

gyromagnetic moment: µ = g
e

2m
S

anomalous magnetic moment: aµ = g−2
2

≈ 3 to 4 standard deviations discrepancy between aexpµ and atheoµ

→ new physics?

reduce uncertainties

Experiment Theory for HLbL

J-PARC phenomenology lattice QCD

Fermilab model uncertainties model independant estimates
for dominant contribution Blum et al ’15,. . . ,’17
(π0 , η , η′ ; ππ) (talks earlier this session)
using experimental input our group
Colangelo et al ’14,. . . ,’17
Pauk and Vanderhaeghen ’14
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Lattice QCD: Current Approach to HLbL

two independent developments by

Blum et al ’15 ’16

our group (I-V)

similarities

get directly F2(q
2 = 0)

no cancellation of an O(α2) term

position space

perturbative treatment of the QED part

QED part computed in infinite volume in continuum

Lorentz covariance is manifest in our approach

no power law effects in the volume (an important motivation for this work)
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Euclidean position-space approach to aHLbL
µ

x
y
0

z

master formula (I-V)

aHLbL
µ =

me6

3

∫
d4y

︸ ︷︷ ︸
=2π2|y |3d|y |

[ ∫
d4x

︸ ︷︷ ︸
= 4π

∫
π
0

dβ sin2(β)
∫ ∞
0

d|x||x|3

L̄[ρ,σ];µνλ(x , y)︸ ︷︷ ︸
QED

iΠ̂ρ;µνλσ(x , y)︸ ︷︷ ︸
QCD

]
.

iΠ̂ρ;µνλσ(x , y) = −

∫
d4z zρ

〈
jµ(x) jν(y) jσ(z) jλ(0)

〉
.

L̄[ρ,σ];µνλ(x , y) computed in the continuum & infinite-volume

no finite-volume effects from the photons & affordable way (1d integral) to sample
the integrand for the fully connected contribution.
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Perturbation theory in Euclidean position-space

Scalar propagators:

G0(x) =
1

4π2x2
, Gm(x) =

m

4π2|x |
K1(m|x |).

Fermion propagator:

S(x) ≡

∫
d4p

(2π)4
−ipµγµ +m

p2 +m2
e ipx =

m2

4π2|x |

[
γµxµ

K2(m|x |)

|x |
+ K1(m|x |)

]
,

Un(z) = Chebyshev polynomials of the second kind:

U0(z) = 1, U1(z) = 2z , Un+1(z) = 2zUn(z)− Un−1(z) (n ≥ 1),

Key property: orthogonal basis on S3; if ǫ̂ is a unit vector

〈
Un(ǫ̂ · x̂) Um(ǫ̂ · ŷ)

〉
ǫ̂
=

δnm
n + 1

Un(x̂ · ŷ).
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Sketch of the derivation

F̂2(0) = −
i

48m
Tr {[γρ, γτ ] (−ip/+m)Γρτ (p, p)(−ip/+m)},

Γρσ(p, p) = −e
6

∫

x1,x2

Kµνλ(x1, x2, p) Π̂ρ;µνλσ(x1, x2),

Kµνλ(x1, x2, p) = γµ(ip/+ ∂/(x1) −m)γν(ip/+ ∂/(x1) + ∂/(x2) −m)γλ I(ǫ̂, x1, x2),

I(ǫ̂, x , y) =

∫

q,k

1

q2k2(q + k)2
1

(p − q)2 +m2

1

(p − q − k)2 +m2
e
−i(qx+ky).

With p = imǫ̂. From [III]. Diagrammatic representation of I(ǫ̂, x , y):
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The scalar function I(ǫ̂, x , y)

I(ǫ̂, x , y) =

∫

u

G0(u − y) J(ǫ̂, u) J(ǫ̂, x − u),

J(ǫ̂, y) ≡

∫

u

G0(y − u) emǫ̂·uGm(u) =
∑

n≥0

zn(y
2) Un(ǫ̂ · ŷ),

S(x , y) =

∫

u

G0(u − y)s(x , u), (IR regulated)

Vδ(x , y) =

∫

u

G0(u − y)vδ(x , u),

Tβδ(x , y) =

∫

u

G0(u − y)tβδ(x , u),

where

s(x , u) =
〈
J(ǫ̂, u)J(ǫ̂, x − u)

〉
ǫ̂
=

∞∑

n=0

zn(u
2)zn((x − u)2)

Un(û · x̂ − u)

n + 1
,

vδ(x , u) =
〈
ǫδ J(ǫ̂, u)J(ǫ̂, x − u)

〉
ǫ̂
= . . .

t (x , u) =
〈(

ǫ̂ ǫ̂ −
1
δ

)
J(ǫ̂, u)J(ǫ̂, x − u)

〉
= . . .
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Explicit form of the QED kernel

L̄[ρ,σ];µνλ(x , y) =
∑

A=I,II,III

GA
δ[ρσ]µανβλT

(A)
αβδ(x , y),

with e.g.

GI
δ[ρσ]µανβλ ≡

1

8
Tr

{(
γδ[γρ, γσ] + 2(δδσγρ − δδργσ)

)
γµγαγνγβγλ

}
,

T
(I)
αβδ(x , y) = ∂(x)

α (∂
(x)
β + ∂

(y)
β )Vδ(x , y),

T
(II)
αβδ(x , y) = m∂(x)

α

(
Tβδ(x , y) +

1

4
δβδS(x , y)

)

T
(III)
αβδ (x , y) = m(∂

(x)
β + ∂

(y)
β )

(
Tαδ(x , y) +

1

4
δαδS(x , y)

)
,

S(x , y) = ḡ (0)(|x |, x̂ · ŷ , |y |),

Vδ(x , y) = xδ ḡ
(1)(|x |, x̂ · ŷ , |y |) + yδ ḡ

(2)(|x |, x̂ · ŷ , |y |),

Tαβ(x , y) = (xαxβ −
x2

4
δαβ) l̄

(1) + (yαyβ −
y2

4
δαβ) l̄

(2) + (xαyβ + yαxβ −
x · y

2
δαβ) l̄

(3).

The QED kernel L̄[ρ,σ];µνλ(x , y) is parametrized by six weight functions.

Nils Asmussen (KPH, JGU Mainz) Position-space approach to HLbL in g − 2 June 23, 2017 9 / 18



Example: Form Factor g (2)

g (2)(x2, x · y , y2) =
1

8πy2|x | sin3 β

∫ ∞

0

du u2
∫ π

0

dφ1

{
2 sinβ +

(
y2 + u2

2|u||y |
− cosβ cosφ1

)
logχ

sinφ1

} ∞∑

n=0

{
zn(|u|)zn+1(|x − u|)

[
|x − u| cosφ1

Un

n + 1
+ (|u| cosφ1 − |x |)

Un+1

n + 2

]

+ zn+1(|u|)zn(|x − u|)

[
(|u| cosφ1 − |x |)

Un

n + 1
+ |x − u| cosφ1

Un+1

n + 2

] }

where

x · y =|x ||y | cosβ , |x − u| =

√
|x |

2
+ |u|

2
− 2|x ||u| cosφ1

χ =
y2 + u2 − 2|u||y | cos(β − φ)

y2 + u2 − 2|u||y | cos(β + φ)
, Un = Un

( |x | cosφ1 − |u|

|u − x |

)

zn =linear combination of products of two modified Bessel functions.

From [I]. Reminder: Vδ(x , y) = xδḡ
(1)(|x |, x̂ · ŷ , |y |) + yδḡ

(2)(|x |, x̂ · ŷ , |y |).
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Complete set of weight functions: |x | dependence
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ḡ(0)(|x |, x̂ · ŷ , |y |) contains an arbitrary additive constant (due to the IR divergence
in I (ǫ̂, x , y)), which does not contribute to L̄[ρ,σ];µνλ(x , y).
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The π
0 pole contribution

Assume a vector-meson-dominance transition form factor (parameters: mV , mπ

and overall normalization)

F(−q21 ,−q22) =
c

(q21 +m2
V )(q

2
2 +m2

V )
, c = −

Ncm
4
V

12π2Fπ

.

iΠ̂ρ;µνλσ(x , y) =
c2

m2
V (m

2
V −m2

π)

∂

∂xα

∂

∂yβ

{
ǫµναβǫσλργ

( ∂

∂xγ
+

∂

∂yγ

)
Kπ(x , y)

+ǫµλαβǫνσγρ
∂

∂yγ
Kπ(y − x , y) + ǫµσαρǫνλβγ

∂

∂xγ
Kπ(x , x − y)

}
.

where

Kπ(x , y) ≡

∫
d4u

(
Gmπ

(u)− GmV
(u)

)
GmV

(x − u)GmV
(y − u) = Kπ(y , x).
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Contribution of the π
0 to aHLbL

µ
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Dashed line = result from momentum-space integration

Contribution is perhaps surprisingly long-range.
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The lepton loop: fully analytic result for iΠ̂ρ;µνλσ(x , y)

iΠ̂ρ;µνλσ(x , y) = Π̂
(1)
ρ;µνλσ(x , y)

+Π̂
(1)
ρ;νλµσ(y − x ,−x) + xρ Π

(r ,1)
νλµσ(y − x ,−x)

+Π̂
(1)
ρ;λνµσ(−x , y − x) + xρ Π

(r ,1)
λνµσ(−x , y − x).

Π
(r,1)
µνλσ

(x, y)

= 2
( m

2π

)8[ (−xα)(x − y)β K2(m|x|)K2(m|x − y|)

|x|2|x − y|2
· lγδ (y) · Tr{γαγµγβγνγγγσγδγλ}

+
K1(m|x|)K1(m|x − y|)

|x||x − y|
· p(|y|) · Tr{γµγνγσγλ}

+
(−xα)(x − y)β K2(m|x|)K2(m|x − y|)

|x|2|x − y|2
· p(|y|) · Tr{γαγµγβγνγσγλ}

+
(−xα) K2(m|x|)K1(m|x − y|)

|x|2|x − y|
· qγ (y) · Tr{γαγµγνγγγσγλ}

+
(x − y)β K1(m|x|)K2(m|x − y|)

|x||x − y|2
· qγ (y) · Tr{γµγβγνγγγσγλ}

+
(−xα) K2(m|x|)K1(m|x − y|)

|x|2|x − y|
· qδ (y) · Tr{γαγµγνγσγδγλ}

+
(x − y)β K1(m|x|)K2(m|x − y|)

|x||x − y|2
· qδ (y) · Tr{γµγβγνγσγδγλ}

+
K1(m|x|)K1(m|x − y|)

|x||x − y|
· lγδ (y) · Tr{γµγνγγγσγδγλ}

]
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The lepton loop (continued)

Π̂
(1)
ρ;µνλσ

(x, y) = 2
( m

2π

)8[ (−xα)(x − y)βK2(m|x|)K2(m|x − y|)

|x|2|x − y|2
· fρδγ (y) · Tr{γαγµγβγνγγγσγδγλ}

+
K1(m|x|)K1(m|x − y|)

|x||x − y|
· fρδγ (y) · Tr{γµγνγγγσγδγλ}

+
K1(m|x|)K1(m|x − y|)

|x||x − y|
gρ(y) · Tr{γµγνγσγλ}

+
(−xα)(x − y)β K2(m|x|)K2(m|x − y|)

|x|2|x − y|2
gρ(y) · Tr{γαγµγβγνγσγλ}

+
(−xα) K2(m|x|)K1(m|x − y|)

|x|2|x − y|
hργ (y) · Tr{γαγµγνγγγσγλ}

+
(x − y)β K1(m|x|)K2(m|x − y|)

|x||x − y|2
hργ (y) · Tr{γµγβγνγγγσγλ}

+
(−xα) K2(m|x|)K1(m|x − y|)

|x|2|x − y|
f̂ρδ (y) · Tr{γαγµγνγσγδγλ}

+
(x − y)β K1(m|x|)K2(m|x − y|)

|x||x − y|2
f̂ρδ (y) · Tr{γµγβγνγσγδγλ}

]

lγδ (y) =
2π2

m2

(
ŷγ ŷδ K2(m|y|) − δγδ

K1(m|y|)

m|y|

)
, hργ (y) =

π2

m3

(
ŷγ ŷρ m|y| K1(m|y|) − δγρK0(m|y|)

)
,

f̂ρδ (y) =
π2

m3

{
ŷρ ŷδ m|y|K1(m|y|) + δρδK0(m|y|)

}
qγ (y) =

2π2

m2
ŷγ K1(m|y|),

fρδγ (y) =
π2

m3

{
ŷγ ŷδ ŷρ m|y|K2(m|y|) + (δρδ ŷγ − δγρ ŷδ − δγδ ŷρ) K1(m|y|)

}
, p(|y|) =

2π2

m2
K0(m|y|).
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Lepton loop integrand contribution to aHLbLµ
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Lepton loop integrand contribution to aHLbLµ (zoom)
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numerically compatible with f (|y |) ∝ mµ|y | log
2(mµ|y |) for small |y |

analytic result reproduced at the percent level
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Conclusion

The covariant position-space method looks like a promising approach. We
plan to make the QED kernel publicly available.

Tests of the QED kernel: π0 pole, lepton loop.

The analytic result for the lepton loop is reproduced at the percent level

The π0 contribution is very long-range, but with the π0 contribution
calculated, we hope to be able to correct for the finite-size effects on this
contribution, by computing the transition form factor on the same ensemble
(Gérardin ’16).

A parallel activity: analysis of the eight forward light-by-light scattering
amplitudes, constraining the resonance transition form factors (with
V. Pascalutsa; next talk by A. Gérardin).
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