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HLbL contribution to g — 2

gyromagnetic moment: p = g2iS
m

: -2
anomalous magnetic moment: a, = gT
~ 3 to 4 standard deviations discrepancy between aj® and aLheO

— new physics?
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~ 3 to 4 standard deviations discrepancy between aj® and aLheO

— new physics?

reduce uncertainties

Experiment Theory for HLbL

J-PARC phenomenology lattice QCD

Fermilab model uncertainties model independant estimates
for dominant contribution Blum et a/ '15,...,'17
(7%, n, n'; mn) (talks earlier this session)
using experimental input our group
Colangelo et al '14,...,'17
Pauk and Vanderhaeghen '14
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Lattice QCD: Current Approach to HLbL

two independent developments by
@ Blum et al'15 '16

@ our group (I-V)

e get directly F(q? = 0)
@ no cancellation of an O(a?) term

@ position space

@ perturbative treatment of the QED part

QED part computed in infinite volume in continuum

@ Lorentz covariance is manifest in our approach

@ no power law effects in the volume (an important motivation for this work)
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HLbL

Euclidean position-space approach to a,

master formula (I-V)

me® = o
aZILbL = /d4 [/d4X£[p,a];uu>\(Xa ¥) Mo (X, y)]
= 4 [T dBsin?(8) [ d|x|[x[?

=2m2|y[3d|y|

~

Ppre(y) == [ 42 2 (1)) o 215 0)):

® Lip.opuwr(x,y) computed in the continuum & infinite-volume

@ no finite-volume effects from the photons & affordable way (1d integral) to sample
the integrand for the fully connected contribution.
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Perturbation theory in Euclidean position-space

Scalar propagators:

Fermion propagator:

d*p —ipyy,+m m? Ko(m|x|)
S = i ipx _ |:
0= [ e TP ¢ = g Do g

U,(z) = Chebyshev polynomials of the second kind:
Uo(z) =1, Ui(z) = 2z, Unt1(2) = 2zU,(2) — Up—1(2) (n>1),

Key property: orthogonal basis on Ss; if € is a unit vector
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Sketch of the derivation

F2(0) = — 4o Tr {[3p, 7] (~iB-+ m)T e (p, P)(—i8 -+ )},

Moo(p,p) = —66/ Kuwx(x1, %2, p) Mppwne (X1, X2),
X1,X2

7#("25 + ‘?(Xl) - m)ny(’lb + ‘?(Xl) + (?(XQ) - m)ry)\ I(é\, XlaXZ)a

1 1 1 otk
(& x,y = / e i(gx+ Y)_
(&x7) ok PK(q+k)? (p—q)* +m? (p—q— k)* + m?

With p = imé. From [Ill]. Diagrammatic representation of Z(é, x, y):

KMV)\ (Xl ) X2, P)

&

y
Go(z — w) Go(y u)§ Gg(v — 0)

e—'i'p-'w +— =
w
= Gm(w — u) Gm(u — v)
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The scalar function Z(€, x, y)

I@xmr:/cau—mJ@mynax—m,

Hey) = /Go(y— 1) e G(u) = 3 20(0%) Un(é - 9),

=
S(x,y) = / Go(u — y)s(x, u), (IR regulated)
Vi) = [ Golu=yustx.u),
Toslxy) = [ Golu=y)essix.o)
where
s(x,u) = <J(€, u)J(E,x — u)>é - nizn(uz)zn((x —u)?) W

vs(x,u) = <€5 J(& u)J(é x — u)>€ =...
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Explicit form of the QED kernel

L olr (X, ¥) Z ga[pa]uaum (,3)5(X ¥)s

A=LII,III
with e.g.
1
Gslpoluavsr = §Tr{ (75 [Yps Vol + 206670 — 55,;70))7#%%7/3%},
TOs(xy) = 9805 +0Y)Vs(x.y),
1
T(II5(X y) = mc’“)&x)(ng(x, y)+ 76g55(x,y))
TU0y) =m0 +02)(Tasley) + 0asS(x,)),
S(X>y) = E(O)(|X| 52}77'.)/‘)1
Vs(x,y) = xsaD(x|.x 9, ly]) + ys8@(Ix, % 9, y)),
Tap(x,y) = (Xaxg — *5aﬁ) )+ (Yays — *5aﬁ) @) + (xays + yaxs — 75 ap) 10

The QED kernel E[pyc,];w,\(x,y) is parametrized by six weight functlons.

Nils Asmussen (KPH, JGU Mainz) Position-space approach to HLbL in g — 2 June 23, 2017



Example: Form Factor g(

1 o0 ™
@ (x2, x -y, y? :7/ duu2/ d
g YY) Sry2 x| sin® 5 Jo ; h1
2,2 o0
. y +u log x
2smﬁ+< —cosBcosqSl) }
{zons -+ (u o %

(anllu)zna (e = ) |~ ulcos -2+ (Julcosin — e

Un+1
n+2

U U
+ zn1(|u)z0(1x — u]) [<IUICOS¢1 sl “'C°S¢1nfﬂ J

where

2 2
x-y =Ixllylcos @, |x—ul = /|1 + [u> = 2/x||u] cos &

X:y2+u2—2IUIIyICOS(5—¢) |x| cos ¢ — IUI)
y? + u? = 2lully|cos(5 + ¢) u—x|

z, =linear combination of products of two modified Bessel functions.

L U= Us(

From [I]. Reminder: Vs(x,y) = %8 (|x[, % - 9, 1y]) + ysd@(Ix], % - 9, y]).
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Complete set of weight functions: |x| dependence

T T T T T T T
— T T — T — T — T T
&) = =
7 a 5| )
éi £ ‘3 0.87500 g e 1
g | I —— cosf = 0.875 <
£ 410 E] ]
] s 2.107° 4% 1.5-1070} -
2 2 2
3 = S
I [y I 1-1079F ai
- 1510
= 3.1071
1-107° | —cos f = —0.15625
9 10-4 — =0.31250
. [ o [ —— cos @ =0.87500 |
5:107° | L L L L L L L | L L L T T T T
0 2 4 6 8 10 12 0 2 4 6 8 10 12
JEi} B
fm fm
2.10°0F T sa0| = — ] —— T
= —
A = .
] 0.87500 ||z —1-1077 |- -
S1070 : <
?E 61077 |- 1£
=3 : =3 -
z 2 2107 -
L1070 S it
= = .
= 41077 21077 -
- = ——cos f = —0.15625
5-1077 1z — cos 8 =0.31250
BUNSS —— cosf=0.87500 |~
. . . , . . . \ \ L T T T
0 2 4 6 s 10 12 0 2 4 6 8 10 12
JEi} IS lal

fin fn fm

d©(|x|,%- 9, |y|) contains an arbitrary additive constant (due to the IR divergence
in /(€ x,y)), which does not contribute to L, 5,1 (X, ¥).
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The 7° pole contribution

Assume a vector-meson-dominance transition form factor (parameters: my, my
and overall normalization)

Nem?
f 22 — ¢ = — <V .
Ch R S @ my C T e
R 2 9 o 0 0
iMoo (X, y) = —77{5 vaB€to (7—’_7)}(“ X
pro(X:Y) m2,(m?, — m2) Ox, dys L " e Oxy  yy 0o)

0 0
apftvo 7K7r A oaptr 7K7T s N T }
+€uraBe way’y (Y = %, ¥) + €poapt Aﬂvax’y (x,x—y)
where

Kex) = [ @*0(Gne (@) = Gy (6)) G (x = 0)Giny ( — 4) = Ky, )
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Contribution

T T T
— m,; = 300 MeV
—— my = 600 MeV

310710 1 .
4.10710 —— my = 900 MeV [
? 2.10710 |- 172
= =
> EES
= 1.10-10 <= 210717 ¢ )
EENEE [ s
S

— m, = 300 MeV
0 —— My = 600 MeV [ ol Jooo oA\ |
—— m; = 900 MeV

0 1 2 3 4 0 1 2 3 4

1™ /fm ™™ /i

Dashed line = result from momentum-space integration

@ Contribution is perhaps surprisingly long-range.
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The lepton loop: fully analytic result for i/l'l\p;ﬂ,,m(x,y)

i@

inp;uy)\o(xvy) - np'p,l/)\a(x’y)

r,1
+I—Ip V)\[Lo'(y_x _X)+XP I_IE/)\,U,)U( - X, _X)

r,1
+I—Ip)\u;ta( X y_X)+XP I_I()\Vp,)a'( X,y—X)-

1
E:u))\o‘(x’ )

m g (=xa)lx — y)g Ka(mlx|)Ka(mlx — yI)
=2(—

Gl PEPET
+K1(mIX\)K1(m\X—M)
Ixlx =yl
+(—><a)(>< —¥)g Ka(mix)Ka(mlx — yI)

s ) - Tr{yavypu g YIv Yy Yo vs YN}

eyl - Tr{vypvvvova}

Pyl - Tr{vavuvgrvvova}

[x|2|x = y|2
(=xa) Kp(mlx|)Ky(m|x — y|)
Cay () - Tr{vaYuYv Yy Yo ya}
IxI2|x = vl

(x =g Ki(mlx)Ka(mlx — yI)

cay () - Tr{vpvg v vy Yo YA}

Ixllx — yI2
(—xa) Ka(mlx|)Ky(m|x — y|)
2yl “as5(y) - Tr{vavyuYvYo¥s¥A}

(x = y)g Ki(mlx|)Ka(m|x — y|)
IxI1x = yI?
Ki(mlx)Ky(m]x — yI)

sas(y) - Tr{vuvgvwvovsva}t

T . ,Y5(y)-Tr{’Y;L'Yu’Y'y“m’v5’y>\}]
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The lepton loop (continued)

A
np:uuka

—Xxo — K K- —
(x, ¥) :2(£)8[( Xl = Mg Falmbxi(mlx = D sy (V) Tr{vavu g vy Yo vs YA}

[x2]x = yI2

Ki(m|x])Ky(m]x — yI)
—————————— fsr ) Tr{vp e vy Yo vs YA}

Ix|1x =yl
Ki(m|x])Kq(m]x — y|)
——————— &) - Tr{vprwve v}
Ix|Ix =yl
+(*Xa)(x — ) Ka(mlxD)Ka(m[x — y|)
[x12]x — y|2
(=xa) Kp(mix)Ky(mlx —y|)
[x12]x = |

gp () Tr{vavuvgwyovr}

hpy (¥) - Tr{vaYpyv¥yYo YA}

(x = y)g Ki(mlx])Ka(mlx — yI)

2 hoy V) - Trdvpuvgyv ¥y Yo YA}
Ixllx =yl

(=xa) Ka(mlx|)Ky(mlx — y|) ,
o2 L Y fps (V) - Tr{vavuyvvovs YA}

Ix121x = y|

(x = y)g Ki(mlx)Ka(m|x — y])
Y6 ™1 2 ’ fp&(}/)'Tr{’Y;L'Yﬁ'YV’Yd’Y(S'YA}}

IxI1x = yI?

=2 Ki(mlyl)

2

2 ™
lys(v) = — (Iv9s Ka(mlyl) — & v hpy (V) = — (FvIp mlyl Ki(mly]) = 8~ pKo(miyl)),
8 2 (9255 v ) o 3 (9450 P )

2 2
w 27

fos) = — {?pyg mly|Ki(mlyl) + 6,,5Ko(mly\)} Ay () = —5 9y Ki(mlyl),
m m

2

2 2
- -
Foby () = 5 {3550 My IKa(mly]) + (3ps5 = xp5 = 659) KalmiyD ), pllyl) =~ Ko(myD).
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HLbL
0

Lepton loop integrand contribution to a

1.2 - - . :

08 [
0.6 [

04 % % ]

108 f(y))

0.2 R
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Lepton loop integrand contribution to aj/*" (zoom)
08f ]

S o0s"" -, ,

”; 0.4 |
0.2 | :
0 B

-0.2 - - -
0 01 02 03 04 05 06

m, ly|

o numerically compatible with f(|y|) o< m,|y|log®(m,|y|) for small |y|

@ analytic result reproduced at the percent level
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Conclusion

@ The covariant position-space method looks like a promising approach. We
plan to make the QED kernel publicly available.

o Tests of the QED kernel: 7° pole, lepton loop.
@ The analytic result for the lepton loop is reproduced at the percent level

@ The 70 contribution is very long-range, but with the 79 contribution
calculated, we hope to be able to correct for the finite-size effects on this
contribution, by computing the transition form factor on the same ensemble
(Gérardin '16).

@ A parallel activity: analysis of the eight forward light-by-light scattering
amplitudes, constraining the resonance transition form factors (with
V. Pascalutsa; next talk by A. Gérardin).
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