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! Pole of a free field c

o Singular point of propagator in Mom Sp.

ps = iE(D) | P+

o Dispersion relation
E[@)2 = m? + g2
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! Pole of a free field c

o Singular point of propagator in Mom Sp.

ps = iE(D) | P+

o Dispersion relation

E(P)2 = m2 + P12 + O(a2(m4, m2p2, p?))
| attice artifact
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0 Unphysical poles on the lattice c
( )

o Other poles can exist (depending on action

o Doubler-managed action

= E@0) = m, E
Ey~ B2~ ~0(@") ifexists 2T 0(@")
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@ Unphysical poles on the lattice

o Other poles can exist (depending on action)

o Doubler-managed action

= E@0) = m, E
Ey~ B2~ ~0(@") ifexists 2T 0(@")

o Contamination by UPPs

Significant when m ~ a-'

e-E’[ ~ e-Eﬂ ~ e-EZ’[
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! Ex: UPP of Wilson fermions O

Dy = Z[WM sinp, +r(1 —cosp,) +m
L
ZM[_WM sinp,, +r(1 —cospy)| +m

Dy =
. D
L Sin“py +(r), (1 —cospy) +m)?
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o Ex: UPP of Wilson fermions

Dy = Z[ifyﬂ sinp, +r(1 —cosp,) +m

L
Dt = Y [=iyusinp, +r(1 —cosp,)] +m
Zusinzpu—k(rzﬂ(l—cospﬂ)+m)2

or=z=1

()= 0 : linear equation of cos pa
Only one solution cos p4s =C (>1) = ps=icosh1C
physical pole only
or#=+
()= 0 : quadratic equation of cos pa
Two values of cos ps = one UPP exists
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» Motivation

o Are there UPPs of DWFs?

o Investigate properties of UPPs
Dependence of UPP energies on m, Ls, Ms, b and ¢

o Search the best choice of these parameters to
minimize cutoff effects on heavy quarks
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@ DWFs for heavy quarks

o Charm quark: needed for GIM mechanism

Ex: AMk — quadratic divergence cancelled by charm

i,

4 — — 8 > . . S
S - st (Z § - < -+ Cz

u, C

e

?

o GIM mechanism on the lattice
Same regularization for up & charm is needed
If DW up = DW charm necessary
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Mobius domain-wall fermions

( D -P. 0 0 mPy
-P. D —P_ 0 0
0 —-P. D
Dyvpw = "
| —P_ 0
0 0 . —-P. D -—-P_
\mP. 0 ... 0 —P, D )

~

D=D"'D,, Dy =1+bDw(—Ms), D_=1—cDy(—Ms)

ob=1,¢c=0= Shamir DWFs

o Consideronly r =1
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Propagator of DWFs

o 5D propagator : Dy;hw

o 4D propagator

S#(p) = P_(Dypw)o.o Py + Pr(Dybw)Lo—1,10, -1 P-
+ P_(Dypw)o,L.—1P- + Py (Dypw)r.—1,0Py
2sinh(als) b+ c .
=~ F. opip?
FL

{m|W sinh(a(Ls — 1)) — sinh(aL,)| — W sinh o}

Fr. = eaLS(l — We* +m?(We™® — 1)) — 4mW sinh o
+e Lls(We™™ — 1 + m?2(1 — We?))

bt D, (G ) + W2 +1
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Zero points of Fi,

I_S — 8, 4
b=1, c=0 3
Ms = 0.9, ol (\

0 05 1 15 2 25
Im py
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Zero points of Fi,
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Zero points of Fi,

LN |
.....
 J
L/

0.10 - - - - 3.0
0.08} ' 23]
2.0t
0.06¢ |
Phvsical pole ||| ol
0.04t FNY P -
1.0t
0.02¢ T 0.5¢
O'OOO 0.2 04 0.6 0.8 1 O'%.? 0.75 0.8 0.85 0.9 0.95 1

LATTICE2017, 18-24 June 2017, Granada, Columbia University Masaaki Tomii



@ Zero points of F,

\._,_L______Jse_ |
Ls = 8, 4t \ ) } l
b=1,¢c=0, 10 zero points
Ms = 0.9, |
L 2 + }H .........
=0, Qo HEL ] T
Re pa =0 L .
L7070 15 20 25
0.10 Impy 5, h
0.08} - 29[
0.06} ul
..0sl Physical pole _ 12
0-02'\1 ' 0:5'/W
000062 04 06 08 1 07575 55 555 05 055
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@ Classification of the zero points

o One physical pole QFLSe—aLS @ -
4.
o Two solvable zero points (O) 3}
cosh & = =1 ol | (\
Not poles 1|
 2sinh(al,) b+c oy A
Si(p) = F.. D' D 1p %0 o?@ T s 5 955
| F2 {m|W sinh(a(Ls — 1)) — sinh(aLs)] — W sinh o}
L

! Numerator also vanish at cosh o = +1

o Seven (Ls—1) UPPs
-1 < cosh o < +1
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Region of UPPs

0 -1 <cosh a < +1
X: pure imaginary
FLs: oscillatory w/ varying pa4
F;, =e®ls(1 — We*+m?2(We™* — 1)) — 4mW sinh o
+eels(We™ — 1 + m2(1 — We®))

.. Any terms not suppressed at large Ls

Frequency « Ls + 1 = zero points increased by Ls
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@ Dispersion relation for physical pole

o E(p)2=m2 +IpI2 + O(m*, m2p2, p*)
L attice artifact

(O,O,1I)-directlion ........ o
2.5'(0,1,1)-direction --------- s = 8,
5ol (1,1,1)-direction --——--
T’& ' continuum —— D=1 , C:O,
~ 1.5 =TT
m 1ol /_:__,_.___‘:-_—_-:‘_’_'_’-':‘-——':'- _____________ '\/|5 — 09,
: e
0E Re p4 =0
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Physical pole
. ~ Unphysical poles -

Pl

LATTICE2017, 18-24 June 2017, Granada, Columbia University Masaaki Tomii



Dispersion relation for UPPs

cosh a = 1

>SF b=1, c=0,
Ms = 0.9,
Re ps =0

Physical pole : 6 =%(‘6‘= ‘B‘s ‘6‘)

. ~ Unphysical poles -

Pl

o UPPs
-1 < cosh a < +1
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@ Dispersion relation for UPPs

Physical pole
. ~ Unphysical poles -
O'OO 0.5 1 1.5 2 55 3.0

Pl

o UPPs
-1 < cosh a < +1

largely independent of input

mass Physical pole

. ~ Unphysical poles -
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@ Boundaries cosh o = *1

2?21 sin? p; + B2 + 1

COSp4|cosh oa=1 — 2B y

4+4(b—c)B+ (b— 0)2(2?:1 sin p; + B? + 1)
4(b—c)+2(b—c)*B ’
3

B:4—M5—Zcospi
i=1

o Independent of m, Ls, b+cC

COS P4 ’cosh a=—1 —

o cosh o =1 :depends on Ms

o cosh a =-1: Ms & b —C

b — c: usually fixed to 1

= other b-c reduces the effects of UPPs?
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@« Dependence on b — ¢
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o One boundary (cosh a =-1) increased by decreasing b — ¢

o Unphysical effects likely small at smallb - ¢
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@« Dependence on b — ¢
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o One boundary (cosh a =-1) increased by decreasing b — ¢

o Unphysical effects likely small at smallb - ¢
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UPPs in Ms > 1

Re P4 = O 5 fem Physical pole
. ~ Unphysical poles -
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UPPs in Ms > 1

3.0
25
s =8

2.0t

b=-| : C:O,
1.5 :

\/IB = ] .4, s ols

Qe p4 = O, /A 0.5 ke nphysical poles (Im pg =0) - .

~Unphysical poles (Im pg =) ————

0005 1T 15 2 25 3

O COSP4lcosha=1 < —1 at small Pl

= Rep4|cosh a=1 =T
Non-zero real part

-1<cosh a<1=Reps=0orm

LATTICE2017, 18-24 June 2017, Granada, Columbia University Masaaki Tomii



@« Dependence on b — ¢
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o One bound (cosh a =-1) increased by decreasingb — ¢

o Unphysical effects likely small at smallb - ¢
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@« Dependence on b — ¢
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o One bound (cosh a =-1) increased by decreasingb — ¢

o Unphysical effects likely small at smallb - ¢
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Ms = 1

! Lower bound on UPP masses V.S. b — cc

O.**

o Ms also important

o Mean-field approx:
Ms=1—>Ms=4-3uo, b— uob, ¢ — uocC
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@ Summary & comment

o DWFs have Ls — 1 UPPs

o UPP masses basically depend on b — ¢ & Ms
So far b — ¢ has been usually fixed to 1

Discretization error of large mass could be reduced by using
smaller b - c

Non-perturbative test on-going

o Possible weak point of small b — ¢ — chiral symmetry

Mobius kernel

Hrr =

Small b — ¢ sets a large upper limit on Am
= sign function may become worse
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