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I. Duals of lattice gauge models

• Dual representations based on the plaquette formulation. Dual vari-

ables are introduced as variables conjugate to local Bianchi identities.

The dual model is non-local due to the presence of connectors

• Dual representations based on 1) the character expansion of the Boltz-

mann weight and 2) the integration over link variables using Clebsch-

Gordan expansion

Z =
∑

rp,rl

∏

p
Crp(βµν)

∏

x
(6j links)

∏

c

(6j cubes)

• In the strong coupling limit the model can be mapped onto monomer-

dimer-closed baryon loop model for SU(N)

• Other approaches: n-link action, abelian colour cycles, · · ·
Remark: abelian vs non-abelian dual representations



II. U(N) group integrals

Consider the Taylor expansion of the Boltzmann weight

expβ Re χf(Up) =
∞
∑

n1,n2=0

(β/2)n1+n2

n1!n2!
(χf(Up))

n1(χf(U
†
p))

n1

One link integral becomes

IN(r1, r2) =
∫

dU
r1
∏

k=1

U ikjk
r2
∏

n=1

Umnln∗

Only matrices in fundamental representation appear in the integrand.

( B. Collins, 2003, B.Collins et.al. 2003-2017)

IN(r1, r2) = δr1,r2
∑

τ,σ∈Sr

WgN(τ−1σ)
r
∏

k=1

δik,mσ(k)
δjk,lτ(k).

Sr - group of permutations of r elements. WgN(σ) - Weingarten function

which depends only on the length of cycles of σ.



WgN(σ) =
1

(r!)2

∑

λ

d2(λ)

sλ(1
N)

χλ(σ) , λ1 ≥ · · · ≥ λN ≥ 0

d(λ), χλ(σ) - dimension and character of Sr, sλ(1
N) - the Schur function.

Example: Simple integral

∫

dU (TrU)s (TrU∗)q = δs,q
∑

λ

d2(λ) .

Example: 2D model in the large volume limit

Z = [z0]
Np , z0 = det Ii−j(β), 1 ≤ i, j ≤ N .

z0 =
∞
∑

k=0

(β2)
2k

(k!)2

∑

λ

d2(λ), λ1 ≥ · · · ≥ λN ,
N
∑

i=1

λi = k

Example: One-link integral in the strong coupling limit

N
∑

k=0

(ην/2)
2k 1

k!
(σxσx+eν)

k
∑

τ∈Sk

(−1)|τ |WgN(τ)



1. Properties of WgN(σ) - general form, recurrence relations, large-N

asymptotic expansion, bounds - are known.

2. In abelian case one recovers the conventional dual model.

3. The constraint r1 = r2 is essentialy abelian one. One solves the

constraint by introducing genuine dual variables, like in U(1) model.

No other constraints are generated.

4. For U(N), in any dimension, summation over group (matrix) indices

is factorized in every lattice site and can be done locally. Dual theory

is a theory with only local interaction.

5. Last property holds also in the presence of fermions.



III. Pure gauge models

3D model

Summation over matrix indices and duality transformations lead to the fol-

lowing representation on the dual lattice

Z =
∑

{rx,kl}

∏

l

β2kl+|rx−rx+en|

kl!(kl + |rx − rx+en|)!
∑

{τp,σp}

∏

p
WgN(τ−1

p σp)
∏

c
(group factor)

group factor = symmetric function Pµ(1) = N |µ|

σp, τp ∈ SL, L =
∑

l∈p(kl + |rx − rx+en|/2). |µ| - the number of cycles

in combined permutations, µ ∈ SC , C =
∑

l∈c(2kl + |rx − rx+en|).

For U(1) model one recovers the conventional form

Z =
∑

{rx}

∏

l

Irx−rx+en(β)



Dual representation can be simplified by using orthogonality relation

∑

ω∈Sr

χµ(ωτ)χλ(ωσ) = r! δµ,λ
χλ(τ

−1σ)

d(λ)

Z =
∑

{rx,kl}

∑

{ωp}

∏

l

β2kl+|rx−rx+en|

kl!(kl + |rx − rx+en|)!

∏

c
Q(c)

Q(c) = (
∏

p∈c

∑

σp

Bp ) N
|µ| , µ = µ(σp)

Bp =
∑

λ

(
d(λ)

r!
)3/2

1

(sλ(1
N))1/2

χλ(ωpσp)



IV. Strong coupling QCD

A. U(N) spin model

Effective Polyakov loop model in the presence of heavy quarks and finite

chemical potential

Z =
∫

∏

x
dU(x)

× exp



β
∑

x,µ
ReTrU(x)TrU†(x+ eµ) +

∑

x

(

hrTrU(x) + hiTrU†(x)
)





hr and hi are functions of quark mass and chemical potential. The effective

action is complex if µ 6= 0.



The dual form of U(N) spin model

Z =
∏

l







∞
∑

p(l)=−∞

∞
∑

q(l)=0

(

β

2

)|p(l)|+2q(l) 1

(q(l) + |p(l)|)!q(l)!







∏

x







∞
∑

k(x)=0

(hrhi)
k(x)

k(x)!
(

k(x) +
∑d
n=1(pn(x)− pn(x− en))

)

!
QN(s(x))







s(x) =
2d
∑

i=1

(

q(li) +
1

2
|p(li)|

)

+k(x)+
1

2

d
∑

n=1

(pn(x)− pn(x− en)) .

QN(s(x)) =
∑

λ∈Ss(x)

d2(λ) , λ1 ≥ · · · ≥ λN ≥ 0,
N
∑

i=1

λi = s(x)

The dual Boltzmann weight is strictly positive if hrhi ≥ 0.



B. One link integral

for Nf flavours of staggered fermions, β = 0

Z =
∫

∏

x

(

dψxdψ̄x
)

∏

x,µ







NNf
∑

n=0

∑

σ∈Sn

(−1)σ

n!
WgN(σ)

Nf
∑

fi,vi=1

n
∏

i=1

r
fi,vi
x r

vi,fσ(i)
x+µ







rf,vx =
N
∑

i=1

ψ̄if(x)ψ
i
v(x) .



V. 2D U(N) QCD

Partition function of two-dimensional U(N) LGT with one flavour of the

staggered fermions

Z =
∞
∑

{r(p)}=−∞

∞
∑

{t(p)}=0

Nc
∑

{k(l)}=0

Nc
∑

{n(l)}=0

Nc
∑

{s(x)}=0

∑

{τl,σl}∈Sz(l)

∏

p

(β/2)2t(p)+|r(p)|

tp!(tp+ |r(p)|)!

∏

l

[

ην(x)

2

]k(l)+n(l)

[yν]
k(l)−n(l) WgN(τ−1

l σl)

∏

x
ms(x) × (constraints)×

∏

x
(group factor)× (sign factor)



• Gauge (fermion) integration produces constraint on every link (site)

∏

l

δ
(

r(p)− r(p′) + k(l)− n(l)
)

p, p′ have common link l,

∏

x
δ (s(x) + k(x)−N) δ (s(x) + n(x)−N) ,

k(x) =
d
∑

ν=1

[kν(x) + nν(x− eν)] , n(x) =
d
∑

ν=1

[nν(x) + kν(x− eν)] .

• Permutation group Sz(l) is fixed by

z(l) = t(p) + t(p′) +
1

2

(

|r(p)|+ r(p) + |r(p′)| − r(p′)
)

+ k(l) .

• Group factor arises after summation over all matrix (colour) indices

Group factor = N |µ|

with |µ| - the number of cycles in combined permutations σl, τl, l ∈ x.

Sign factor is still missing.



VI. Conclusion and perspectives

• LGT at large N : asymptotic expansion of the Weingarten function is

known

• Confinement: bounds on the Weingarten function are also known

• Sign factor in the theory with dynamical fermions

• Dual weight with non-zero chemical potential

• Extension to the Wilson fermions

• Extension to SU(N) models. One link integrals include terms pro-

portional to unit anti-symmetric tensor on the group (= baryon states).

(J.-B. Zuber, 2016)

• Possibility of numerical simulations.


