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Introduction

Introduction

» hadronic vacuum polarisation (HVP) is leading hadronic contribution to a,,
> lattice calculation aiming at 1% precision requires to include isospin breaking

> two sources of isospin breaking effects

» different masses for up- and down quark (of O((mg — my)/Aqcp))
> Quarks have electrical charge (of O(a))
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» hadronic vacuum polarisation (HVP) is leading hadronic contribution to a,,
> lattice calculation aiming at 1% precision requires to include isospin breaking

> two sources of isospin breaking effects

» different masses for up- and down quark (of O((mg — my)/Aqcp))
> Quarks have electrical charge (of O(a))

> Euclidean path integral including QED
(0) = / D[V, W]D[U]D[A] O e~ SFI¥:¥:U.Al g=SclU] o —S[A]

» non-compact photon action

4
Sy 1A= 23037 (9 () — A ()
X v

> this study: two approaches
» stochastic QED using U(1) gauge configurations
[A. Duncan, E. Eichten, H. Thacker, Phys.Rev.Lett. 76, 3894 (1996)]

» perturbative QED by expanding the path integral in «
[RM123 Collaboration, Phys.Rev. D87, 114505 (2013)]
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Introduction

stochastic method
» Feynman gauge
4
a
sfer(A] = - DY ALKPALKX)  with 87 =) 8%0,
X p ©

> in momentum space

sferfAl = o= Y K2 ’A (k)‘ K, = 2 sin (ak“)
» remove all spatial zero modes — QED,
[S. Uno and M. Hayakawa, Prog. Theor. Phys. 120, 413 (2008)]
» draw A, (k) from Gaussian distribution with variance 2N /k?
» electro quenched approximation
> multiply SU(3) gauge links with U(1) photon fields
U, (x) — e=Mu,,(x)
» remove O(e) noise by averaging over +e and —e
» QED correction to all orders in «
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Introduction

perturbative method
» expand path integral in @ [RM123 Collaboration, Phys.Rev. D87, 114505 (2013)]

1, 06 2
©) = (043¢ 55 () +0(?)
> at O(a) for mesonic two-point functions

o> T

m conserved vector current, a tadpole operator

» photon propagator Feynman gauge

1 eik'(X_Y)
Bl =N =0 D
k, K #0
> calculate diagrams using sequential propagators
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Introduction

perturbative method
» method 1: <n(u)nT(y)>n = Ouy
Brlx =) = (2 Bulx = wn(n'(y) = (BuGIn'(y))

— sequential sources for every combination of {u, v}, e.g.

e N

— 17 inversions in Feynman gauge
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Introduction

perturbative method
> method 1: <n(u)nT(y)>n = Ouy
Brlx =) = (2 Bulx = wn(n'(y) = (BuGIn'(y))

— sequential sources for every combination of {u, v}, e.g.

e N

— 17 inversions in Feynman gauge

» method 2: <§,,(u)£:5(y)>g = 8uy0or [RM123 Collaboration]
Bu(x=y) = (23 Buolx — we- el (), = (But)el)),

— sequential sources summed over p or v, e.g.
ST Au(x)
®

PGSR ;rza%

— 5 inversions
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Introduction

setup of the run

Nf = 2 4+ 1 Domain Wall Fermions

64 x 243 lattice with a—1 = 1.78 GeV
L =16, M5 = 1.8

87 gauge configurations

16 source positions

isospin symmetric pion mass m, = 340 MeV

vV V.V vV VvV VY

physical valence strange quark mass [T. Blum et al, Phys. Rev. D93, 074505 (2016)]
(not re-tuned in presence of QED)

» stochastic method:
e one U(1) photon configuration per gauge configuration
> perturbative method:

e one Zj noise for the stochastic insertion of the photon propagator
per gauge configuration and source position
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Isospin Breaking Corrections to HVP

The hadronic vacuum polarisation

> construction of the HVP from (see e.g. [RBC/UKQCD, JHEP 1604 (2016) 063] for
details)

Cuv(x) = Z, a? (V5 (x)VE(0))
QED correction to vector two-point function
5C,u () = 62, a (V5 (x)VE(0)) + Z, a (VS (x)V(0) )
» conserved vector current depends on link variables

U.(x) — eieAu(X)U”(x) and thus VfL(x) — Vf;e(x)

v

v

perturbative expansion

(VERCOVE(D) = (VGVE@), + 3 € - (Ve(ovE ()

e=0

v

two additional types of diagrams

o>
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QED correction to the vector correlation function

0.0005

0.0004 |-
0.0003 |-
&
<
E 0.0002 |
= @
0.0001 ?i
0 £
~0.0001 .
0 0.
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Isospin Breaking Corrections to HVP

QED correction to the vector correlation function

0.0005 n 9e — 05 -
perturbative —a— perturbative —a—
R )e?ttlcl)r])lgtl\g - 8.5¢ =05 R peﬁf?tolr.};gtsit{l'g -
0.0004 - ! ]RL. stochastic “RM.'stochaLstic
_0.0003 ¢ . ® " . " *
:3 0.0002 *
B
00001 |4
or
~0.0001 . - . T 5¢ — 05 . . TR
0 0.5 1 15 2 2.5 3 3.5 4 0.5 1 15 2 2.5 3 3.5 4
Q?/GeV? Q?/GeV?
» Padé ansatz
R11(Q?%) = RY, + 6R11 = (MY + M) + Q2 m+(c0+6c)
n = " =1 0 (b%+3b)+Q2
[ &% x107 [ sa>® x 100 | oda x 10° |
u 318 +11 0.65 +0.31 0.37 +0.33
s | 47.98 +0.25 | —0.0030 + 0.0011 | —0.0049 + 0.0010
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Isospin Breaking Corrections to HVP

QED correction to the vector correlation function

0.0005 n 9e — 05 -
perturbative —a— perturbative —a—
R )elsttlci)l(ll)lgtslt\lg - 8.5¢ =05 R pelsglolﬁ};gtslt\lg -
0-0004 ! ]RL. stochastic HRM.'stochastic
_0.0003 ¢ . ® " . " *
:3 0.0002 *
E
00001 |4
or
~0.0001 . TS T 5¢ — 05 . . TR
0 0.5 1 15 2 2.5 3 3.5 4 0.5 1 15 2 2.5 3 3.5 4
Q?/GeV? Q?/GeV?
» Padé ansatz
R11(Q?%) = RY, + 6R11 = (MY + M) + Q2 m+(c0+6c)
n = " =1 0 (b%+3b)+Q2
[ &% x107 [ sa>® x 100 | oda x 10° |
u 318 +11 0.65 +0.31 0.37 +0.33
s | 47.98 +0.25 | —0.0030 + 0.0011 | —0.0049 + 0.0010

’ QED correction smaller than 1%. ‘
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Isospin Breaking Corrections to HVP

Comparison of statistical error

numerical cost (i.e. n

umber of inversions)

stochastic method: Ngoch =3 (e =0, +e,—e)

| 4
»
> perturbative method, single-pt insertion: Npee = 17
| 4

perturbative method, summed-p insertion: Npee = 5

=
9 -
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Isospin Breaking Corrections to HVP

Comparison of statistical error

» numerical cost (i.e. number of inversions)

> stochastic method: Ngoch =3 (e =0, +e,—e)

> perturbative method, single-pt insertion: Npee = 17
> perturbative method, summed-p insertion: Npee = 5

5 -
up single-pp =
45¢ strange single-y1 «
up summed-p
4+ strange summed-p 4
3.5+ .
3 equal cost comparison
25¢
X ] - = = = = = = = = &
= 24" e m " P
] bWepoppoeo o @ o« 8 B 8B 8 8 o g
B O15EeA . s A s a a & & & 4 & & 2
<
-1
2 05)
<
0

o
oo}

Q?/GeV?

stochastic method gives 1.5 — 2 times smaller statistical errors for same cost
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Isospin Breaking Corrections to HVP

QED correction to Zy

» ratio of local-conserved C'°(t) and local-local C"(t) vector two-point function

» QED correction to Zy from

Zy = Z)+9Zy =

_ Cle(t) + 6C*(t)
Ch() + oCT(x)

0

_oC(t) Cg(t)oC"(t)
~ci(y  ci) chiy

up, perturbative —s— strange, perturbative —s—
up, stochastic —e— strange, stochastic —e—
—0.001 | —0.0002
—0.0004 +
—0.002 -
N { Ny —0.0006 |
< ol TPeaner < - by }
—0.003 eommmeeeenayrt st
—0.0008 |-
—0.004-% —0.001 } "
—0.0055 8 16 91 000125 8 16 24
t t
| z | SZgoch | 5zy" |
up 0.70209 £ 0.00083 —0.002674 + 0.000043 —0.002756 + 0.000044
strange | 0.69737 £ 0.00017 | —0.0007102 + 0.0000016 | —0.0007139 4 0.0000016
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Isospin Breaking Corrections to HVP

strong isospin breaking correction to HVP

» use different quark masses for up and down quark to reproduce physical mass

splitting [Z. Fodor et al, Phys. Rev. Lett. 117 (2016) 082001]

> expansion in Am = (my, — my) [G.M. de Divitiis et al, JHEP 1204 (2012) 124]

0.001

0.0008

0.0006

i (Qz — I (Q

0.0002

0

2 0.0004

[ 5Sau/q? using Padé Ry ]

(—6.7 £1.6) x 10~ 10
(—6.4 +1.7) x 10—10

different up and down masges —e—
path ml(gglal expansion —s—
Ry d 1ffelent up and down masses
Ryy path integral expansion
diff u/d masses
path integral exp
\*\1\‘\
, - -» - -
0 2
QZ/G(‘VZ

strong lsospin Breaking correction dsa”/a;’;o ~ 0.9%
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Conclusions and Outlook

Summary

» QED corrections to HVP at unphysical quark masses

l | & [ oWay | %a, |
— u | 318(11) 0.65(31) —1.181(75)
stochastic & | 47.08(25) | —0.0030(12) | —0.04938(27)
—— u | 318(11) 0.37(33) —1.217(71)
perturbative .| 47 9g(25) | —0.0049(11) | —0.04964(25)

— smaller than 1% of isospin symmetric result

» Comparison of stochastic and perturbative method to include QED
— stochastic method gives smaller statistical errors for the same cost

> strong isospin breaking correction =~ 0.9%
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Conclusions and Outlook

Summary

» QED corrections to HVP at unphysical quark masses

l | & [ oWay | %a, |
— u | 318(11) 0.65(31) —1.181(75)
stochastic & | 47.08(25) | —0.0030(12) | —0.04938(27)
—— u | 318(11) 0.37(33) —1.217(71)
perturbative .| 47 9g(25) | —0.0049(11) | —0.04964(25)

— smaller than 1% of isospin symmetric result

» Comparison of stochastic and perturbative method to include QED
— stochastic method gives smaller statistical errors for the same cost

> strong isospin breaking correction =~ 0.9%
Outlook

> physical quark-masses [C. Lehner, Sat 11:30]
» quark-disconnected diagrams

O~

» finite volume corrections [J. Harrison, Thu 17:50]
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Backup

Backup
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Backup

expansion of the Wilson-Dirac operator in e

» Including QED link variables the action is

Siv = 3 [W60 (M4 8) W(x) — W1~ 7)E (UL 0V (x + 1)

1_
— o Vx+ - Yu)UL(X)E] (x)W(x)
with QED link variables
. 1
E.(x) = e ®euld = 1 _jeerA,,(x) + 5(eef)2A“(X)A“(X) + ...

» Expanding the action in e one finds

SEESY {—ieef Au(x) V&, (x) +

X,

(eer)?
2

AL (x)AL(x) T”(x)}
with the conserved vector current V7, (x) and the tadpole operator T ,(x)

V() = 3 [Wx-t 1) (147, UL, ()W (6) — W) (L=, U W x40

1 _
To(x) = 5 (W (1 = 7)Un (W (x4 ) + W+ 1) (147, U, () W ()|
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Backup

QED correction to meson masses

» QED correction to effective mass of a Kaon

0.0022 0.0003
perturbative —a— correlated difference —e—
i stochastic —e—s
0002 - 0.0002 |
= 00001}
0.0018 - g
& ; T 0 sesvaatiasggittatggdy 1]
= : o ! I
0.0016 | ., 3
3 Ll
"Hiifff%ﬁf;u;?}g;%ﬁi S 00001
3
00014 ~0.0002 |
0.0012 . . . . . . ~0.0003 . . . . . .
0 5 10 15 20 25 30 0 5 10 15 20 25 30
t t

» difference between stochastic and perturbative is of O(?)

stochastic perturbative
om /MeV dm"V /MeV om /MeV dm"V /MeV
omY, || 3.504 +0.025 | 4.597 - 0.025 || 3.459 £ 0.016 | 4.552 £ 0.016
ém”, || 1.555 £ 0.015 | 1.555 + 0.015 || 1.538 + 0.016 | 1.538 4 0.016
om; 2.722 4+ 0.022 | 3.699 + 0.022 || 2.677 £ 0.013 | 3.653 £+ 0.013
0.547 £+ 0.005 | 0.547 4= 0.005 || 0.548 + 0.005 | 0.548 £ 0.005
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Coulomb gauge

Backup

> prOJeCtOr fOr phOtOn fle|d5 [Borsanyi et al., Science 347 (2015) 1452-1455]

Pl =[] "5 0.,

A Coul _ A F
with A”° (k) = (Pc),, A7 (k)
> Coulomb gauge photon propagator
ACouI(x y) _ Zelk(x y)elk(u u)/2 1

kk—+‘0

1
with k, = (0, K),,

2 (00— = (kukw ik — ok
k2

» QED correction to effective mass of charged Kaon

0.003 0.003
stochastic, Coulomb gauge —e— perturbative, Coulomb gauge —o—
. stochastic, Feynman gauge —v— . perturbative, Feynman gauge —v—
0.0025 | 0.0025 ]
& = Ll -
& 0.002 g 0.002
< <
P S s 000151 3 ¢ Y"";}iiil.;{.H}.l””i”&
. 3 13
0.001 L L L 0.001 L L L
0 8 16 24 32 0 8 16
t
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Backup

QED corrections to the HVP - perturbative data

photon exchange 0.0006
x
3
0 2 0.0004
U B
y 0.0002 .,."-..,..
If E e e
self energy < of
& feiaaa s 4 2 2 4 2 a4 a a
o H = ‘: vy v
—0.0002 Lev T
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o 2 1 6 8
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0 z
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° < A
S . o .
0 z z L O A
- R
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