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Elastic scattering phaseshift
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By matching up the interior wavefunction with the exterior one:
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The phaseshift can be determined by e

Physics significance:
Attractive interaction (6<0); repulsive interaction (6>0);

Experimentally
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formation of resonances; scattering length from effective range expansion, etc 2



LUscher method

Lischer established a relation between the discrete energy spectrum in a box of size
L3 and elastic scattering phaseshift in the infinite volume:
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Instead of Bessel functions, M(k,L) consists of zeta functions which
are solutions to the Helmholtz equation under periodic boundary
conditions of the box.

Once the interaction energy is determined, the phaseshift can be
extracted from the Luscher formula.

Two comments:

1) The energy can be computed in lattice QCD, thus allowing a first-principles
understanding of the phaseshift in terms of quark-gluon dynamics.

2) Even though the energy is computed in imaginary time in a finite box in lattice
QCD, the phaseshift is the same as that defined in the infinite volume and real
time. Once the pion mass is brought to the physical point, the phaseshift can
be directly compared with experiment.



Symmetry reduction

Since physics is extracted from a finite box, we must adapt to the
symmetry of the box.

Internal symmetries such as color, flavor, isospin are not affected;
but angular momentum, which is a measure of rotational
symmetry, is greatly affected. Specifically,

— How is angular momentum resolved in a finite box?

— How are Liuscher phaseshift formulas reduced?

— How to construct operators that transform according to the symmetry
of the box?

Our goal: perform such an reduction in the elongated box.

— Elongated box provides a cost-effective way of varying the box
size, thus relative momentum k. PHYSICAL REVIEW D 94, 034501 (2016)

— Successfully used in TUITT>P 150 P
— Need formulas for TN>A
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Group theory: Cubic vs. Elongated
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* Ogroup
— 24 elements * D,group
— Sirreps (A, A, T, T,, E) — 8elements
* 20 group (half-integer) — Sirreps (A, A, By, By, E)
— 48 elements * 2D, group (half-integer)
— 8irreps (A, A, T, T,, E, G, G,, H) of — 16 elements
dimensions (1,1,3,3,2,2,2,4) — 7irreps (A, A, B, B, E, Gy, G,))
o 2 : of dimensions (1,1,1,1,2,2,2)
O,, group (parity) , StLLLLS2
— 32 elements * 2D, group (parity)
— 16irreps (AT, AT, T, T3, B+, GY, Gy, HY) — 32 elements

— 14irreps (A7, A3, Bi', By, E*, Gy, Gy)



Group symmetry in elongated box

character table

Elements and irreps

Dy

20, 2C: C: +52 2C;

20, 2CY + 2C%

I I +
A1 1 1 1 1 1 1
A, 11 1 1 1 1 -1 -1
Bil1 1 -1 -1 1 1 -1
B:'1 1 -1 -1 1 -1 1
E 2 2 0 0 -2 0 0
G, 2-2 V22 0 0 0
G| 2-2—/2 V2 0 0 0
w |dm 2w /2 5m/2 T 7 T

Angular momentum decomposition

Class\Irrep | k n w| (,8,7) |A1| Az | B |Bs| E G, G,
I 1| {0,0,1} |4=| {0,0,0} | 1| 1| 1| 1| 1 1 1
F; 2| {0,0,1} |2x|{0,0,27} | 1| 1| 1| 1] 1 -1 -1
cL 3] {0,0,1} | 5[ {0,0,5} | 1| 1[-1[-1|—ioz| T ==t
CL 4] {0,0,1} [Z=[{0,0,%}| 1| 1|-1|-1] iop | 221 .
(278 51 {0,0,1} |2 {0,0,35}| 1| 1|-1|-1|—ios “"5;"" —"“;’
& 6| {0,0,1} |%[{0,0,%}| 1| 1|-1|-1| io2 | =22 1=ig2
Ca: 71 {0,0,1} | = | {0,0,=} | 1| 1| 1| 1| -1 | —io io2
Ca 8| {0,0,1} |37 |{0,0,37}| 1| 1| 1| 1| -1 iy —igy
Cax 9| {1,0,0} | = | {O,m,m} | 1|=1| 1|=1f o3 i0a io3
Cay 10| {0,1,0} | = | {0,m,0} 1|=1| 1|=1| —0o3 104 —io,
Cor  |11| {1,0,0} |3z |{0,m3=}| 1|=1| 1|=1| o5 | —ios —igs
Cay 12| {0,1,0} |3« | {0,727} | 1|-1| 1|-1|-03| —ioy io
Cza 13| {1,1,0} | = | {0,m, 3} [ 1|-1|-1| 1| oy | Herfea) | lorgen)
Cxn  |14|{-LL,0}| = |[{0,m, F}| 1|-1[-1| 1| -0 | Heizzal | Houtea)
Coa 15| {1,1,0} |3x |{0,m,3F}| 1[-1|-1| 1| oy |—Heipen) | ileicon)
Cat 16({-1,1,0} |37 | {0,m, F}| 1|-1|-1| 1| —on |—Horzral | _Heozew
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x(w,
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sm[(J + 1/2)w]

sin(w/2)

J *Dyy, *Dyy, J
0 AT AT , 2, 4(2), -
1 A & E- AT 5 7 9(2), -
2 AT eBfeBiaE™ A1, a(Z),---
3 A; @ B @ By @2E~ AT 4 68(2),---
4 247 e A oBf @B @2E" |Bf  2,4,6(2), -
5 A7 @24, ¢B @B, £3E- |B] 3,5 7(2),--
6 247 ¢ A] @2Bf ©2B; ¢3ET|Bf  2,4,6(2), -
B, 3,572,
E- 1, 3(2),5(3), -
ET 2, 4(2), 6(3), -
1/2 G; Gy  1/2,3/2,5/2, -
3/2 Gy &G; G>  3/2,5/2(2), 7/.2(2)
5/2 Gy @26,
7/2 2GT 2G5




Group symmetry in cubic box

character table

Elements and irreps 200 1 3C:+3C. 8Cs 8Cs 6C: 6Ci 6Ch+6C;

I
A1 1 1 1., L' & ¥ 1
1

k | Elem n w {a. 8,7} A | A | E| T T G G2 H

1 1 {0,0,1} 4m {0,0,0} 1 1 1] & t 9 9 hy A2 ‘ 1 1 1 1 —1 —1 _‘1

2 | T {0,0,1} | 2w | {0,0,2} 1] 1[1] & | —g| —g | —m P P P

3 | Ca {1,0,0} P {0, 7,7} 1| 1| 1] ta t ga g2 ha E ‘ 2 2 2 -1 -1 0 0 0

; f".’y Eg« (1]‘ (l]i i {0,m,0} : i- :i i:ﬂ :3 ::1 Z:x ::1 Tl : : — 1 0 0 1 1 —— 1

2z L, U, ™ 4 4 4 4 4

6 | Co: | {1,000} | 37 1| 1| 2| ta| 2| —g2| =92 | —he T ‘ 3 -1 0 0 -1 -1 1

7| G 0,1,0 3 1| 1| 1| ¢ ts | —ga | —gs | —ha - 1 3

8 5? io;o,li 3: 1| 3 £ t: L: -3‘ —:: —!:: Gl I 2 -2 0 1 = \/E _\/2. 0

ol [ Ly | = I el 6] & o] o] b G| 2 =3 0 1 -1 =2 2 0

10| ¢t | {-1,-1,1} | = 1| 1|es| ts ts ! ; he

11 c’ﬁ il,—l,—li % 1| 1 : t; t: :t jﬁ hi H | 4 —4 0 -1 1 0 0 0

2| ech [{-LL-1}| % 1 1| es | ts ty gs gs hs 7ol v 3 . v, . v

a| e |Tuin |k ol el o2l 2 2l A w |dm 27 T 2n/3 4= {3 w/2 3w /2 7

| Cp |{-1,-1,1} | = 1 1] e | to tio 10 g0 hao

15| Cy | {1,-1,-1} | &= 1 1|e |tn tn g1 gn hu

16 | C;, -1,1,-1 10z 1 1| e | ta £ 2 2 has e, .
Ty 1% SRICIEEIE IR I Angular momentum decomposition
18| Cf | {-1,-1,1} | & 1 1|es | ts te | —gs | —gs | —he

19| & | {L-1-1} | ¥ 1| 1es| tr tr | —gr | —gr | —hr

20| CGh | {-LL-1} | § 1 1|es | ts ts | —gs | —gs | —hs ” "

o |Gn | f1a) | A 1| 1|e| to| to| —go| —go| —ho = - J

2| Gy | {-1-11} ’:‘ 1| 1|e|two]| tw| —guo | —guo | —ho J O_:' O_h

28| Cu | {1,-1,-1} :,’ 1 1|e |tn tn | —gn | —gn | —hn 0 Al Al (), 4, 6, o

24| Cu [ {-1,1,-1} | °F 1 1| e | ti2 tiz | —gi2 | —g12 | —hia - pds

25 | Ci: {1,0,0} z 1| -1 e | tis | —tas Qi3 | —gus hig 1 g 1 A] 9, 13. 15’ “a
2 | G, {0,1,0} x 1| =1 | es | tae | —tu Qs | —qua haa m+ 3 —

27 C£ {0,0,1} £ 1|-1]e | tis | —tis g5 | —gis his 2 11'_) 9 E 71 15 31 5(2)\ DAce
28 | Ci {1,0,0} = 1) =1 |es|ts | —tis| gi6|—ge has . el g 2 - -+ . ¢

29 | Oy, {0,1,0} lj’- 1| -1 ]|e | tar | —t1z Q7 | —gi7 har J A2 & 1 1 e TJ Tl 4’ 6f 8(2)‘ e
30 | Cn 0,0,1 B 1| -1 t —t1 — his ] 7 A il
T8 K3 glooi T= =1 : “zjiﬂ —E‘::“—WZ{:“ %:-1:? ! A-l+- & E+ = ‘FI & 7:2+ 72+ 21 41 6<2)~ T
39 (Zy {0,1,0} :7* 1| =1 e | tu | ~tu | —gus | gua | —has 5 E & 2TI— o) Tz_ 1T 3, 5, 7(2), ‘e
33 | CfL {0,0,1} = 1| -1|e | tis | —tis | —g15 915 | —his R - Y

sl & | (oo | % V] =1 e | tis | ~tis | g | g | —hus 6 ATaAToET T 2T |ET 2.4,6, -

3| ¢, | o0 | % 1 |21 | | |t | <ms | o] =nis . B 1 2 : a0

36 5; {0,0,1} 3= 1 -1]e |ts| —ts | —gus gis | —hs E 5, 7, 9, ahhiad

37 | Coa {1,1,0} x 1| -1 |e | tia | —tio Qi | —quo hia —

38 | Ca {-1,1,0} w 1| -1 (e |t | —t20 g20 | —g20 hao DA Mol A'.) : 3 7! g, s

39 | Ca {1,0,1} T 1| -1 |e | tar | —ta g2 | —gn hn - ¢

40 | Cuu {0,1,1} ™ 1| —1]es |tz | —ta2 g22 | —g22 haz 2 6' 10! 12! e
41 [ Cae {-1,0,1} T 1| -1 es | tas | —t2s g23 | —g2 haa

2| ¢ | {0,-11} | = 1| =1 | e | taa | —tar | goa | —gos | hoa

43 | Co {1,1,0} 37 1| -1|e |tio| —tio | —gia | g9 | —hao /' = B2 /‘ / /' EGF
44| Gy | {~1,1,0} | 3« 1| =1 | e | tao | —t20 | —g20 | g2 | —h2o 1/2 GL Gl_ 1 2’ 7 2’ 9 2’
45 | Ca {1,0,1} | 3= 1| =1 |es | tn | ~toa | —ga1 | g2 | =k 3/2 H" H 3/2 5/2. 7/2~ als
6| G | {011} or 1| =1 [ e | tan | ~tor | —go2 | go2 | —hae 7 4 4 + 7 ) =y i
41| G | {-1,0,1} | 3r 1| =1 | es | tos | —tos | —gus | g2 | —has 5/2 Gz e H Gz 5/2’ 7/2 ]_]_/2. RO
48 621 {0,—1,1} 3r 1| -1 | e |taa | —t2a | —g2a g2a | —h2a BW - = ; 5

7/2 G aGs o H-

See arXiv:1706.00262



I ; vis(k.ry Mk, L)+
Phaseshift reduction dt [ 50k >_MEM§H 0

Start with Liischer’s formula for two equal-mass, spinless mesons in elongated box (Feng et al):

l-i—l’ J l l—i—l/ (2l _|_ 1)(2 .
. . Jj+1)
Mlm I'm Z Z 3/2 qj—H 35(1 q 77) <l0]0‘l,0><lm]3’l/m,>\/ (2[’ + 1)

J=[-U|s=—3

It can be projected to spin-1/2 baryon with total angular momentum J and partial wave I:

1 1
My = Z <lm,§ms\JM><l/m/a§m;\J/M/>Mlm,1/m

mm’'msm/,
The phaseshift is determined from the quantization condition:

det|[M yins, i nr — 055010 pagr cot d g =0

Zlm(S’qz;n) — Z (ylni(q )) n = (nwynyynz/n)
ncz3

s+ Zim(1, q:n) They still must be reduced according to the
Wim(1,q75m) = 3/ 2+ symmetry of the box.




2D, group basis vectors

Phaseshift reduction continued

o ' |J Basis in terms of |JM)
In infinite volume, we can rotate the spherical M 0,00
harmonics |JM> in any way we like. 2 12,0)
In a box, only certain discrete rotations are permitted, 4 14,0); 25(14,4) + |4, —4))
generating unique linear combinations of |[JM> in Az |1 11,0)
each irrep, called basis vectors: g 13,0)
4 35(14,4) — |4,-4))
PP . RF * O B: |2 2-(12,2) + |2, -2))
o T ( k)aa k :
- 3 73(13,:2) — 13,-2))
J 4 35(14,2) +14,-2))
Vva\™
Ok’e]M E DMM’ (Oék Bk ’Yk)‘JM/> By |2 ﬁ(|2»2) 2, -2))
M'= 3 35(13,2) + 3, ~2))
Tan 4 1-(14,2) - |4,-2))
TaJin) = E C iy | JIM) E|1 1(1,1) F[1,-1))
2 -(12,1) £[2,-1))
Another change of basis according to these combinations 3| Z5(8,1) F3,-1)); J5(FI3,3) +13,-3))
P 4 \}2(|4,1):t|4,—1)) (i|4 3) + |4,-3))
<F04Jln|/\/l|F o' Jln") = |2 1 (155 F |5 -D)
E I'an 3 1 (131 3 _1
(CJlM> CJ’Z’M’MJZM J'UM!N — 5FP/50€0€/MJZTL,J’Z’TL’ 2 V2 (’L_“2>ilf’ 2))
MM’ 2 ﬁ(’f!%)*'ﬁv_%»
. . Pl A5 D 5.-3)): 5555 +I15:-3)
leads to block-diagonal form by irreps: i e
Gz |3 7 (33 £[3.-2)
L 2| (2D F2-2): 55 F52)+3.-2)
| | det | MJln Jmt = 0501 Oy cOt 01| =0, 355 B £ 15.-8): 2 155 +15-5)




AS sector : cot 04

-

if mixing with higher partial waves can be ignored.

Elongated box and integer J

Key feature of box quantization:

mixing of different partial waves in
each irrep in the finite box.
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A; |1 11 oo + \fﬁW.!n:
11(3 1 -3/ BN — Wi
31|31 oo + 33 Wao + s Wao + ,J—;j'?'% o
4104 1 | Wao— BEWao + EE W — i Weo + sl Weo — 211/ 25 Wes
B:".-‘.e 2 % Wy — "E;‘»‘Vb'gn + W+ \/ '.”Wt-:
214 1| —Who+ 28wy — &\ [EWe+ 2/BWa x5 /Ewe
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\/ :IVH ik \/ “W” + 7\/ 11"‘.)’\*-.
2|3 3 1 Woo — Wi + mwﬂfl F Tl—‘)W‘:.'. F \,l' th
E 1 1 1 Wao — L. Wag
1103 1 =3/ W +\[EWio
31(3 1 Woo + 2z Wao + 7 Wao — 525 Weo
3 2(3 2 Woo — EWag + £ Wio — =2=Weo
Et|2 1|2 1 Wio + L Wao — W
2 1(4 1 — B0 — W0 + 12/ EWeo
4 4 1 Wao + ]'-7‘-,'-!‘-')’\/‘9:& FS Wag — .J;'-‘ﬁw'm = _.',“) - Wso
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Woo — =57 Who + 155 Wao — 7745 Woeo + == Wso

5»\'




n

[CIET T

[

(S

R RS R RjW W

(S

Nl Rk PR ok

L] S I~ B TR R =T

I A3

(]S B ] B R [

’Wnn 4 )i ;W.N
Ve

g 1 ;;V-w 20 F 28 Wy
I _;\f 2Wa0 — B2 Wy
2 FWas
21 W[...+ILW~-+5W'..
11 oW + 188 W,, + W
2 e ‘:tﬁ\/35=)w'
I 1| Woo+ vViWa + EWie +
I 2 BEWu - §iy W
i 2| Woo— % Who + 5 Wio — 35775 Weo
31 Woo —#W -
£ £2=Wao F $Wao
5 2 72,/
1 — 23y, + YBW,,
2 \—‘;—)’Vn
51 Woo + ff_w — Wi
5 2 \,"__W.;.x
3 2 Who — 28 Wao + 1 Wyo
I 1| =Weox 8OW,F & \/ W0
I 92 \/ WHT ‘\. ‘.Wu
S | :1~\I~WH:F.‘\. W”
z 2 ;;V"'Twm:m/bw,,f 2/ EWeo
I 1| Woo+ LW — EWio— T—w,..
% 2 1_(\ EW'“"" 11\//:% L
I 2| W — £Wao — EWio + 5252 Wao

Elongated box and half-integer )
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Cubic box and integer J

r|J|J2 M,
AT [0 0 [ Woo —|— 5 W
o| 4|z we A7 sector: cotdog = Wyo
4|4 |Woo+ 1B Wio + l.;/l—Wro + 50
,‘12- 3|3 Wy — Z?Wm + “\'ﬁwt,(] —
o g T, sector: coto; = Woyo
2 4 1l]3/'3wl _ 33WGD
4|4 | Wao + WW - T Wr,o% igzl,WRo + 4
ey P 1o T," sector: cotds = Wy — ?W40
1|3 |——5Wao
3| 3 | Woo + {1 Wao + 357 Weo 6
T7 |4 4 | Wao + %W'm — —4—Weo — %Wsa + . _
——— e A E™ sector: cot 52 — Woo + —W40
Ty | 2|2 | Woo— 3Wao 7
2 4 ~2f.f,—1/§W I-H\/_Wﬁo
4|4 | Woo — 33 Wao + T '/r.—Wso
Ty |33 | Woo — 5 Wio — 757m Weo
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Cubic box and half-integer

ol I B gl [
-~ BN &1 i § :l:
GT |3 3 | Woo G sector: cotdir = Wy
N 1 2
3|2 |Fomeo
7 7 6
3 | 3 [Woo+ i Wio + 5755 Weo
Gy |55 [Woo - FWio -+ 4
Ak _ G5 sector: cotds = Wy — =W
5 7 20./3 40 3 OO 40
5| 3 | £S5 Wiaio F T/ 13 Weo 2 7
2| 3 | Woo — 33 Wio + T ,rl—r,-Wm
H+ ; 3 WOO
2 = F28W,, +
: ' H~ sector: cotos = Wy
3| I |2 103y 2
2|2 |7y 30
5| 3 |Woo + 3Wio
g g Wao + %’W‘m N ;n/nwﬁo
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Cubic vs. Elongated

Subduction rules

20, | AT | AT ET T T, Gi | Gy HT AT | AL E~ T,
Dy | A7 | By | AT @B | Ay @ET | By @ EY |Gy |Gy |G @Gy | AT | By | Ay @By | A; @ E-
2C4U A | By A @ B, Ao @ F By & F G | Gy | GidGy | Ay | By As @ By Ao FE
MI = M S ME
11 3 11 3 11

cot01(7T; ) = %cot 01 (A5 ) + gcot 01(E7)

[\V][SV) H-
|
| =
<
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Boosting in the cubic box: kinematics

W:\/m%+k2+\/m§+k2

Eiap = \/ mi +pi + \/ m3 + P
27 : -"
P p— pl —|— p2 p— —d We only consider boosting in z-direction:

[, d=(0,0,1)/n, d=(0,0,2)/n, etc

‘/‘/ p— \/El2 b P2 Boosting leads to lower CM energies.
a

1 P
W = Eiqp/7, where v = Vi with v = o




Boosting in the cubic box: zeta functions

Viewed from the moving frame, the box is distorted and boundary condition is modified from

p(r +nl) =p(r)
Y(r +AnL) = e p(r)

to

2 2 e 9’. ]
my —m nL |\ (O o
A — 1 _I_ 1 2 A 4 (} ‘;
W2 ,‘ |
The zeta function is modified
~ u
d 2 . Vim(n)
Zlm(saq 77) — Z (ﬁz—QZ)S
nePg(vy)

with a new summation region:

- - 1
Py(v) = {n cR'|n=4""'m+ §Ad),m S Z?’}



I' | J| Basis |JM) (even branch) Basis | JM) (odd branch)

Boosting in  *|*|*”

1 |1,0)
the cubic box: [|*” -

baSiS VeCtO rS 1 |~il,u;'-: L (14,4) + |4, —4))

Az |4 L(ja4) — |4, —a))

By| 2| 2=(]2,2) +]2,-2))

From 20, group to 3 Z(13.2) + 13, -2))
*C,, group. 1| (14,2} + |4, -2))
B, | 2| Z(12,2) - [2,-2))
Loss of parity leads 3 2(3,2) - 3. -2))
to mixing of even 1| 5014,2) — 14, -2))
and odd states = (1L, 1) % [1,-1})
2| 4=(12,1) £2,-1))
The two sets for G1 3 Le(13,1) £ |3, —1}); Zp(213,3) + 13,-3))
ans G2 have different 4| (14, 1) = |4, —1)); S=(£14,3) + |4, -3))
| values: |=)+- 7. G4 & (55 7 -3 (342153
i3 213-1) =34 F13.-3)
3|7 5.2 F15.-3) =53 =153
iwm sl -9 FERD -2 [ H 053753 FFTI+E
G320 E15-2) (23522
F A5 F15-2) HEFE2+5-8) [ H(5D=5.-3): ZEI5H+15-8)
w3025 -2 FEEDHE-D) | F 1207532 FEFED+E




Iy J’ n' MEn,J’n’ N . . . °

ol . oosting in cubic box and integer J
1 1 W . .

* Parity is lost for unequal-mass systems.
2 i —Wao
2 4 T Appearance of odd-| zeta functions.
e Woo + J5Wao Mixing between even and odd partial waves.
2 1 ZWio + 3iy/ 55 Wao
% . %W = i Weo A1l sector:
2 1 Woo + 25 Wao + EWiao
3 1 3szlo+ Wso + iy [EWso Wao — cot &g iWho
100 . — O
s 1 Woo + 575Weo + 11Wio + 53 5 Weo —iWio Woo + %Wzo — cot 01
By )2 2 1 Woo — 7W20 + 7W4o + \/;WM

3 1] iy/3Wi0 — EWao + 35 Wao £/ 20Ws
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Boosting in cubic box and half-integer J
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Boosting in elongated box

* Boost in z-direction: from °D,,, to °C,,.
 Same formulas as in the cubic case; the only
difference is in the modified zeta functions

labeled by y and d.

(1,6%,7,m)
Wlm(laqzvf}/vn) — 3 I+1
T=21Yq
ylm
2o = Y 2
ﬁGPd(’YaU)

~ _ 1
Py(v,n) = {n cR|n=4"1"1m+ §Ad),m € 23}



Conclusion
We derived Luscher phaseshift formulas in
elongated boxes for elastic scattering of
— two spinless mesons (s p or mKsK*)
— one spinless and one spinful in s-wave (rtp»sa,)
— spinless meson and spin-1/2 baryon (ntN»A, S, or P,)
Results checked against those in the cubic box
— Relationship between the two follows subduction rules
Boosting is considered in both elongated and cubic
boxes

— allows wider coverage of energy
— but more complicated formulas

Details can be found in arXiv:1706.00262
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Expected energy spectrum for P33
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