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ElasGc	sca$ering	phaseshi.	
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fl =
Sl − 1

2ik
=

e2iδl − 1

2ik
=

eiδl sin δl
k

=
1

k(cot δl − i)
=

Tl

k

Phaseshi.,	S-matrix,	and	T-matrix	

 (~r) = eikz + f(✓)
eikr

r

f(θ) =

∞X

l=0

(2l + 1)flPl(cos θ)

ParGal-wave	expansion	of	sca$ering		amplitude:	

ψ ∝ αljl(kr) + βlnl(kr)

e
2iδl(k) =

αl(k) + iβl(k)

αl(k)− iβl(k)

By	matching	up	the	interior	wavefuncGon	with	the	exterior	one:	

The	phaseshi.	can	be	determined	by		

Experimentally	

Physics	significance:	

A$racGve	interacGon	(δ<0);	repulsive	interacGon	(δ>0);	

formaGon	of	resonances;	sca$ering	length	from	effecGve	range	expansion,	etc	

V(r<R)	

V(r>R)=0	

σ =

Z
|f(θ)|2dΩ =

4π

k2

∞X
l=0

(2l + 1) sin2 δlCross	secGon:	

πNèΔ	



Lüscher	method	
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Lüscher	established	a	relaGon	between	the	discrete	energy	spectrum	in	a	box	of	size	

L3	and	elasGc	sca$ering	phaseshi.	in	the	infinite	volume:	

Two	comments:	

1)  The	energy	can	be	computed	in	laAce	QCD,	thus	allowing	a	first-principles	

understanding	of	the	phaseshi.	in	terms	of	quark-gluon	dynamics.	

2)  Even	though	the	energy	is	computed	in	imaginary	Gme	in	a	finite	box	in	laAce	

QCD,	the	phaseshi.	is	the	same	as	that	defined	in	the	infinite	volume	and	real	

Gme.	Once	the	pion	mass	is	brought	to	the	physical	point,	the	phaseshi.	can	

be	directly	compared	with	experiment.	

det



e2iδ(k,L)
−

M(k, L) + i

M(k, L)− i

�

= 0

Instead	of	Bessel	funcGons,	M(k,L)	consists	of	zeta	funcGons	which	

are	soluGons	to	the	Helmholtz	equaGon	under	periodic	boundary	

condiGons	of	the	box.	

	

Once	the	interacGon	energy	is	determined,	the	phaseshi.	can	be	

extracted	from	the	Lüscher	formula.	



Symmetry	reducGon	
•  Since	physics	is	extracted	from	a	finite	box,	we	must	adapt	to	the	

symmetry	of	the	box.	

•  Internal	symmetries	such	as	color,	flavor,	isospin	are	not	affected;	
but	angular	momentum,	which	is	a	measure	of	rotaGonal	
symmetry,		is	greatly	affected.	Specifically,		
–  How	is	angular	momentum	resolved	in	a	finite	box?	

–  How	are	Lüscher	phaseshi.	formulas	reduced?	

–  How	to	construct	operators	that	transform	according	to	the	symmetry	
of	the	box?		

•  Our	goal:	perform	such	an	reducGon	in	the	elongated	box.		
–  Elongated	box	provides	a	cost-effecGve	way	of	varying	the	box	
size,	thus	relaGve	momentum	k.	

–  Successfully	used	in	ππèρ	
–  Need	formulas	for	πNèΔ	
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Group	theory:	Cubic	vs.	Elongated	
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•  O	group	
–  24	elements	

–  5	irreps	(A1,	A2,	T1,	T2,	E)	

•  2O	group	(half-integer)	
–  48	elements	

–  8	irreps	(A1,	A2,	T1,	T2,	E,	G1,	G2,	H)	of	
dimensions	(1,1,3,3,2,2,2,4)	

•  2Oh	group	(parity)	
–  32	elements	

–  16	irreps	
�

A±

1
, A±

2
, T±

1
, T±

2
, E±, G±

1
, G±

2
, H±

�

•  D4	group	
–  8	elements	

–  5	irreps	(A1,	A2,	B1,	B2,	E)	

•  2D4	group	(half-integer)	
–  16	elements	

–  7	irreps	(A1,	A2,	B1,	B2,	E,	G1,	G2)	
of	dimensions	(1,1,1,1,2,2,2)	

•  2D4h	group	(parity)	
–  32	elements	

–  14	irreps	
�

A±

1
, A±

2
, B±

1
, B±

2
, E±, G±

1
, G±

2

�



Group	symmetry	in	elongated	box	
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Elements	and	irreps	 character	table	

Angular	momentum	decomposiGon	

J =
M

i

n(Γi, J)Γi

n(Γi, J) =
1

g

X

k

nkχ(k,Γi)χ(ωk, J)

χ(ω, J) =
sin[(J + 1/2)ω]

sin(ω/2)



Group	symmetry	in	cubic	box	
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Elements	and	irreps	

character	table	

Angular	momentum	decomposiGon	

See	arXiv:1706.00262		



Phaseshi.	reducGon	
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det



e2iδ(k,L)
−

M(k, L) + i

M(k, L)− i

�

= 0

det[MJlM,J 0l0M 0 − δJJ 0δll0δMM 0 cot δJl] = 0

MJlM,J 0l0M 0 =

X

mm0msm0

s

⌦

lm,
1

2
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↵⌦

l0m0,
1

2
m0

s|J
0M 0

↵

Mlm,l0m0

Mlm,l0m0(q, η) =
l+l0
X

j=[l�l0|

j
X

s=�j

(�1)lil+l0

π3/2ηqj+1
Zjs(1, q

2, η)⇥ hl0j0|l00ihlmjs|l0m0i

s

(2l + 1)(2j + 1)

(2l0 + 1)
.

Wlm(1, q2; η) =
Zlm(1, q2; η)

π3/2ηql+1

Zlm(s, q2; η) =
X

n∈Z3

Ylm(en)
(en2

− q2)s
en = (nx, ny, nz/η)

They	sGll	must	be	reduced	according	to	the	

symmetry	of	the	box.	

It	can	be	projected	to	spin-1/2	baryon	with	total	angular	momentum	J	and	parGal	wave	l:		

Start	with	Lüscher’s	formula	for	two	equal-mass,	spinless	mesons	in	elongated	box	(Feng	et	al):	

The	phaseshi.	is	determined	from	the	quanGzaGon	condiGon:	



Phaseshi.	reducGon	conGnued	
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Y

Γ

det
⇥

M
Γ

Jln,J 0l0n0 − δJJ 0δll0δnn0 cot δJl

⇤

= 0

Another	change	of	basis	according	to	these	combinaGons		

leads	to	block-diagonal	form	by	irreps:	

hΓαJln|M|Γ0
α
0
J
0
l
0
n
0i =

X

MM 0

�

C
Γαn
JlM

�⇤

C
Γ
0
α

0n0

J 0l0M 0MJlM,J 0l0M 0 = δΓΓ0δαα0MΓ

Jln,J 0l0n0

|ΓαJlni =
X

M

C
Γαn

JlM |JlMi

In	infinite	volume,	we	can	rotate	the	spherical	

harmonics	|JM>	in	any	way	we	like.	

In	a	box,	only	certain	discrete	rotaGons	are	permi$ed,	

generaGng	unique	linear	combinaGons	of	|JM>		in	

each	irrep,	called	basis	vectors:		

2D4	group	basis	vectors		

P
Γ

α
=

X

k

(RΓ

k
)∗
αα

Ok

Ok|JMi =

JX

M 0
=�J

DJ

MM 0(αk,βk, γk)|JM
0i
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Elongated	box	and	integer	J	

Key	feature	of	box	quanGzaGon:	

mixing	of	different	parGal	waves	in	

each	irrep		in	the	finite	box.	

A
−

2
sector : cot δ1 = W00 +

2
√

5
W20

E
−

sector : cot δ1 = W00 −

1
√

5
W20

if	mixing	with	higher	parGal	waves	can	be	ignored.	
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Elongated	box	and	half-integer	J	

l = J ±
1

2
Parity = (−1)l
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Cubic	box	and	integer	J	

A
+

1 sector : cot δ0 = W00

T
−
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E
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Cubic	box	and	half-integer	J	
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Cubic	vs.	Elongated	
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BoosGng	in	the	cubic	box:	kinemaGcs	
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W =

q

m2

1
+ k2 +

q

m2

2
+ k2

Elab =

q

m2

1
+ p

2

1
+

q

m2

2
+ p

2

2

P = p1 + p2 =
2π

L
d

W =

q

E2

lab
− P 2

W = Elab/γ, where γ =
1

√

1− v2
with v =

P

Elab

We	only	consider	boosGng	in	z-direcGon:	

d=(0,0,1)/η,	d=(0,0,2)/η,	etc	

BoosGng	leads	to	lower	CM	energies.		



BoosGng	in	the	cubic	box:	zeta	funcGons	
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A = 1 +
m2

1
−m2

2

W 2

Z
d

lm
(s, q2, γ) =

X

en∈Pd(γ)

Ylm(en)
(en2

− q2)s

Pd(γ) =

⇢
en ∈ R3 | en = γ̂

−1(m+
1

2
Ad),m ∈ Z3

�

ψ(r + γ̂nL) = e
iπAn·dψ(r)

Viewed	from	the	moving	frame,	the	box	is	distorted	and		boundary	condiGon	is	modified	from		

The	zeta	funcGon	is	modified		

with	a	new	summaGon	region:	

ψ(r + nL) = ψ(r)
to	



From	2Oh	group		to	
2C4v	group.	

	

Loss	of	parity	leads	

to	mixing	of	even	

and	odd	states	

	

The	two	sets	for	G1	

ans	G2	have	different	

l	values:	l=J+-	½.	

BoosGng	in	

the	cubic	box:	

basis	vectors	
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BoosGng	in	cubic	box	and	integer	J	

Parity	is	lost	for	unequal-mass	systems.	

	

Appearance	of	odd-l	zeta	funcGons.	

Mixing	between	even	and	odd	parGal	waves.		
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BoosGng	in	cubic	box	and	half-integer	J	
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BoosGng	in	elongated	box	
•  Boost	in	z-direcGon:	from	2D4h	to	

2C4v.	

•  Same	formulas	as	in	the	cubic	case;	the	only	
difference	is	in	the	modified	zeta	funcGons	
labeled	by	γ	and	d.	
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Wlm(1, q2, γ, η) =
Zd

lm
(1, q2, γ, η)

π
3

2 ηγql+1

Z
d

lm(s, q2, γ, η) =
X

en∈Pd(γ,η)

Ylm(en)
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− q2)s
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⇢
en ∈ R3 | en = γ̂

−1
η̂
−1(m+

1

2
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Conclusion	
•  We	derived	Lüscher	phaseshi.	formulas	in	
elongated	boxes	for	elasGc	sca$ering	of	

–  two	spinless	mesons	(ππèρ	or	πKèK*)	

–  one	spinless	and	one	spinful	in	s-wave	(πρèa1)	

–  spinless	meson	and	spin-1/2	baryon	(πNèΔ,	S11,	or	P11)	

•  Results	checked	against	those	in	the	cubic	box	

–  RelaGonship	between	the	two	follows	subducGon	rules	

•  BoosGng	is	considered	in	both	elongated	and	cubic	
boxes	

–  allows	wider	coverage	of	energy	

–  but	more	complicated	formulas	

•  Details	can	be	found	in	arXiv:1706.00262	
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Reserve	slides	
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πN	sca$ering	experiment	
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Expected	energy	spectrum	for	P33	
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Expected	energy	spectrum	for	P33	
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