Latticer: 7

Urs Wenger

Albert Einstein Center for Fundamental Physics
University of Bern

b

u

&
UMIVERSITAT
REAN

in collaboration with
A. Alexandru, G. Bergner, D. Schaich

22 Juni 2017, Lattice 2017, Granada, Spain

5

Latticel: >



Motivation: QCD in the heavy-dense limit

v

Effective action in terms of (anti-)Polyakov loops P and PT.

» Canonical determinant ns = 3 quarks:

det D2y ~ 25 (TrPe)? Y TrPy + 4. TrP: > TrPy > TrPs
X y X VEX z

» describes the propagation of baryons

» Invariant under global Z(3)-transformations

» Suffers from a severe sign problem, unless
» all P;align <=
» global Z(3) is promoted to a local one <«



» Motivation
» QCD in the heavy-dense limit
» Canonical formulation
» Absence of the sign problem at strong coupling

» Solution in the 3-state Potts model
» Canonical formulation
» Bond formulation and cluster algorithm
» Solution of the sign problem
» cf. [Alford, Chandrasekharan, Cox, Wiese 2001]

» Physics of the 3-state Potts model

» Density driven phase transition
> (Anti-)Quark-(anti-)Quark correlators



The 3-state Potts model in d = 3 dimensions

» We use the 3-state Potts model as a proxy for the effective
Polyakov loop action of heavy-dense QCD.

» Grand-canonical partition function of the Potts model:

Zec(h) = sz exp(=S[z]+ hY z,)

» Polyakov loops are represented by the Potts spins z, € Z(3)
» standard nearest-neighbour interaction

S[z] =-~v Z 02,2,
(xv)

» external 'magnetic’ field h = (2xke")? = breaks Z(3)

» There is a , i.e. at finite quark density.



The 3-state Potts model in d = 3 dimensions

» Canonical partition function for Ng quarks:

Ze(Ng)= Y [ Dzexp(-S[z])- [T flzw ]

{n}, \ﬂl Ne x

» local quark occupation number n, < nT® with |n| = Ng

» use the simple local fermionic weights
flz,n]=2Z2"

» equivalent to the grand-canonical partition function for small h
i.e. small density:

Zec(h) = Z etNeZc(Ng) for h=et « 1
Ng=0



The 3-state Potts model in d = 3 dimensions

Canonical partition function

Zc(Ng) = Z f Dzexp(y Z 5ZX,Zy) Hz)’(’X
{n} xy) x

(

» Action is manifestly complex = fermion sign problem!

» Global Z(3) symmetry ensures Zc(Ng # 0mod 3) = 0:

» projection onto integer baryon numbers

» In the limit v - 0, the global Z(3) becomes a local one:
» projection onto integer baryon numbers on single sites

ny=0mod3 (limity — 0)

» sign problem is absent



Bond formulation and cluster algorithm

» Introduce bonds to express the action as

Zx 2y — Z ( zx7zy6bxy71 1)+5bxy,o)

by =0

» The canonical partition function now becomes

Zc(Ng) = ZZsz (022,061 (67 = 1) +8b,.0) [T 22"
{n} (b} x

» sum over all bond configurations {b}

» Define the sum of bond weights over {n},{b}, Dz as (- )n,:

Zc(Ng) = (I Tz )In



Bond formulation and cluster algorithm

» Ng =0 gives the usual Swendsen-Wang cluster construction:
» bond b, is occupied with probability p(by, =1) = (7 - 1),
if ze =2z,
» weight of bond configuration is W ({b}) = (&7 —1)",
with N = Z(xy) bxy

» Summation over Z(3) spins within connected cluster yields

Zc(Ng=0) = (1)ng0= (&7 - 1)
{b}

» cluster algorithm requires Euler-tour trees to achieve dynamic
connectivity in O(In? V) instead of O(V In V) or O(V?)



Solution of the sign problem in the canonical formulation

» In the canonical formulation the cluster algorithm solves the
sign problem:

» include the fermionic contribution with an improved estimator
» similar to idea in the grand canonical formulation
[Alford, Chandrasekharan, Cox, Wiese 2001]

» Average [], z™ over the subensemble of the 3V¢ configurations
related by the Z(3) transformations:

» total weight can be factorized into individual cluster weights
Wo(C),

[T = [T 20T = [T 22D, - [T 6(0)

where

o o 1 if Yoecne=0mod3,
Wh(©) = [T, = [5e, ={ § G2



Solution of the sign problem in the canonical formulation

» Hence, the canonical partition function becomes
Sign free canonical partition function

Zc(Ng) = (12 Ing = X Yo (e~ 1) 3Me. H(sno
x {n} {8}

» nc =Y .ec Nx mod 3 denotes the triality of the cluster C
» [1c dnc,0 projects on sector of configurations with triality-0
clusters only

» An intuitive, physical picture emerges:
» only clusters with integer baryon number contribute

» quarks can move freely within the cluster



Improved estimators for physical quantities

» We can define an improved estimator for the quark-antiquark
correlator:

(zz0)ng = (zezy TTza I /A TT 20 Ime

weC

» First calculate weight for cluster C containing source z;:

w—0u.y wectw—du,T ) 1 f Xpecnw=1mod3 | _ .
[ngx ]]3 = [[Zz € ]]3 _{ 0 else « }—Onc,l



Improved estimators for physical quantities

» We can define an improved estimator for the quark-antiquark

correlator:
(2x2yIng = (2xzy [T 20 Ing /(T T 20 Ivg
w weC
» ... and the weight for cluster C containing source

N o 1 if ¥pecnw=2mod3
[I] 2w ]]3:[[ZZWEC ]3:{0 else ¢ }:

weC



Improved estimators for physical quantities

» We can define an improved estimator for the quark-antiquark
correlator:

(220 )ng = (zezy [T 20 I /(T T 20 Ing

weC

» ... and the weight for cluster C containing source

N e 1 if YpecNw=2mod3
[sz ]]3=[[ZZWEC ]32{ 0 :else =¢ }:

weC

» Calculate the subensemble average including zyz,:

[sz; H Zl:/wﬂy‘/c = 5vaCy ’ [[sz; H wa]]3NC
w w

+ (1 - 5CX7Cy) ’ [[ZXZ; Hzglwﬂ?,/"c



Improved estimators for physical quantities

» We can define an improved estimator for the quark-antiquark
correlator:

(220 )ng = (zezy [T 20 I /(T T 20 Ing

weC

» ... and the weight for cluster C containing source

N e 1 if YpecNw=2mod3
[sz ]]3=[[ZZWEC ]32{ 0 :else =¢ }:

weC

» Calculate the subensemble average including zyz,:

[227 TT 20 D gne = Occ, - [22) TT 20 D gne
w w

+ (1 - 5CX7Cy) ’ [[ZXZ; HZS/WH3NC



Improved estimators for physical quantities

» We can define an improved estimator for the quark-antiquark
correlator:

(220 )ng = (zezy [T 20 I /A TT 20 Ine

weC

» ... and the weight for cluster C containing source

. e 1 if ¥ecnw=2mod3
[HZW ]]3:[[ZZWEC ]3:{ 0 else < }:

weC

» Calculate the subensemble average including z.zy:
* n, _ N
[[ZXZy szwﬂy"c - 6CX7Cy ) H Onc,0
w C

+(1- 5CX,Cy) : [[sz; Hzngﬂy"c



Improved estimators for physical quantities

» We can define an improved estimator for the quark-antiquark
correlator:

(220 )ng = (zezy [T 20 I /A TT 20 Ine

weC

» ... and the weight for cluster C containing source

. e 1 if ¥ecnw=2mod3
[HZW ]]3:[[ZZWEC ]3:{ 0 else < }:

weC

» Calculate the subensemble average including z.zy:

[[ZXZ; H Z:VWH3NC = 6C><7Cy ' H 6n(_~70
w C

+(1-dc.c,)- [[ZXZ; sznvwﬂwc



Improved estimators for physical quantities

» We can define an improved estimator for the quark-antiquark
correlator:

(220 )ng = (zezy [Tz I /(T T 20 Ine

weC

» ... and the weight for cluster C containing source

w o 1 if Ypecnw=2mod3
A R S R }-

weC

» Calculate the subensemble average including zyzy:

[[ZXZ; HZS/W]]:SNC = 5Cx,Cy : l:[fsnc,o
w

+ (1 - 6CX,Cy) : 6HCX,2 . 5”(_‘}/,1 H 6”(_‘,0

C+Cyx
CxCy



Improved estimators for physical quantities

» Similar expressions for z,z,, z)’fz;, Zy, Zy = zf, o

» An interesting quantity is the the quark chemical potential:

_ 1 ZC(NQ+3)
p(p) = 73 log 7ZC<NQ)

» quark density

» partition function ratio can be computed using the multiplicity
ratio average

Z(_'(NQ + 3) _ (M(NQ + 3a {b})>
Zc(NQ) M(NQv{b}) N,

and an estimator for the multiplicity ratio.



» Phase diagram in the (e",v) = (h, k)-plane:
[Alford, Chandrasekharan, Cox and Wiese 2001]
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» deconfinement phase transition at T = (0,0.550565(10))



» Phase diagram in the (e",v) = (h, k)-plane:
[Alford, Chandrasekharan, Cox and Wiese 2001]
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» line of first order phase transitions from T to E



» Phase diagram in the (e",v) = (h, k)-plane:
[Alford, Chandrasekharan, Cox and Wiese 2001]
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» critical endpoint E = (0.000470(2),0.549463(13))
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f the 3-state Potts model
» Canonical simulation results in the deconfined phase:
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» description in terms of a gas of (free) quarks



Physics of the 3-state Potts model

» Results from below the deconfinement transition:
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» transition from the confined into the deconfined phase



Physics of the 3-state Potts model

» Results from below the deconfinement transition:
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» typical signature of a 1 order phase transition



Physics of the 3-state Potts model

» Results from below the deconfinement transition:
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» Maxwell construction yields critical g



» Results from below the deconfinement transition:
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» Maxwell construction yields critical i




Physics of the 3-state Potts model

» Results from below the critical endpoint:
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» crossover from the confined into the deconfined phase




Physics of the 3-state Potts model

» Results from below the critical endpoint:
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Physics of the 3-state Potts model

» (Anti)Quark-(anti)quark potentials at low temperature:
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» confined phase: v=0.3 for Ng =24, V = 163, i.e. p=59- 1073



Physics of the 3-state Potts model

» (Anti)Quark-(anti)quark potentials at low temperature:
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» values at r =0 and r — oo match (z), (z*), (z*}{z*),...



Conclusions

» We solved the fermion sign problem for the Z(3) Potts model

» isolate coherent dynamics of the Z(3) spins in clusters
» cluster subaverages project on nonzero, positive contributions

» The solution provides an appealing physical picture:

Good algorithms reflect true physics insight! euberger '17]

» quarks confined in clusters, but move freely within
» at v — 0 clusters are confined to single sites only
> corresponds to appearance of a

» Extension to Polyakov loop models could be possible:

» mechanism at work at =0
» extend it to 8>0



» Allows to describe static quarks and anti-quarks.

» Effective action in terms of Polyakov loops P and
anti-Polyakov loops P! in d = 3:

det D = [ det [T+ (2ke™)L Px]” det []1 + (2me'“)LfP;[]2

» Canonical determinants obtained from transfer matrices.



» Canonical determinant describing a single quark, i.e. nf = 1:

det DY2) = ((2r)" + (26)75) - S Tr Py

» For nf =2 quarks:

det DJ2,/Q o 2ZTrP ZTr P;

+(4ZTrP)—<ZTrP7—3Z(TrP)—()2+2TrP}:)
b y X

» Both determinants vanish under global Z(3)-transformations.



Motivation: QCD in the heavy-dense limit

» Canonical determinant ns = 3 quarks:

det D2, /Q = by - 42 Tr P} ZTr P; - 32 Tr Py Tr P+ 2L3)
+hy (42 TrPLY Tr Py + 23 (TrPR)2 S Tr Py
X y X y

+4ZTrP ZTrP ZTrP)

y‘X
» describes the propagation of mesons and baryons

» Invariant under global Z(3)-transformations

» Suffers from a severe sign problem, unless
» all P;align <
» global Z(3) is promoted to a local one <=



