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Introduction ;The back grounds

* Hadronic / Nuclear matrix elements (form factors) provide
important information on

 Hadron structures

* Beyond Standard Model
 WIMP and Nuclei interactions

* Interactions
* pp-chains, Neutrino-Nuclear interactions

e+
deuteron /
p _

p pp-chain reactions

2017/6/14 Lattice 2017 2



Introduction ; HAL QCD method

» The method to construct the OM of multi-Hadrons from QCD

P, (F) =€, (u] (F)YCyd,(F))u,,(0)
Operators for Baryons
ny(F) = €4, (Ul (F)CY5d, (F))d, 5(0)

/l/faﬁ(f )= (0|ng(7,0)p,(0,1)| p,B= 2? '

s sin(pr+9) Equal time NBS wave function
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Introduction ; Conserved Current(1)

* Conserved currents should be derived carefully.
 Example : one pion exchange potential (OPEP)

Original theory

Noether current = pionic part+ protonic

n \
A )
= \JOPEP

P A n Integrate out Tt

part

» Since the pion current is missing
the naive current on the right does NOT conserve.

0, (v couer

—_—

=V~
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Effective quantum mechanics
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P n

The naive current = protonic part
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Introduction ; Conserved current(2)

e Additional contribution is needed
The exchange current / two body current.

Thompson and Heller.
PR.C7.6 (1973): 2355.

* Example ; Thompson and Heller’s approach
* Bremsstrahlung amplitudes of deuterons in the original theory.

-
i’

* Current in the effective QM that reproduce the Amp.

WNN : 2 nucleon wave func.

. . 0> OPEP
latWNN — _W)WNN +V Y
VOPEP : OPEP.



Strategy

Original theory

QC D +I-IAL QCD Method

Effective guantum mechanics

Quantum Mechanics }

of Multi-Nucleon System Matarix Elements

V Noether’ s Theorem

Conserved Current ¢

External Field Method

* As a first step we consider
* A non-relativistic solvable field theory
* Theory of elemental bosons, instead of Nucleons
e Simplest non-trivial model
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The model(1)

* Non-relativistic two channel coupling model.
7, = [dx o,)]

) X 2m
H= ) To+ Y Vy g

a=0,1,2 ij=1,2 T, = jd3x ¢ (%) —2—+A}¢a()‘c)
m

}Pa(i) (a=0,I)

V, =[x d’y 9{(D)] GV, (Z— )9, (3)9, (%)

* The model mimics the (np)-(np’) coupling.

pl

(n 4 ¢ o
p’ p

pH ?, IA L
e s e P’
KPH ¢9 P )

* The conserved current accompanied by U(1) symmetry.

o) = Y [3hel(@)os(a) - 8500 Vo0

7=1,2
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The model(2)

* The equal time (x” =y’ = t)NBS wave functions (i=1,2

l//i,nP(x’y)E<O‘¢O(y)¢i(x)‘n’P> <

iP-R —lE (P)t

=y, (Fe

* Coupled Channel Equation.
(EX +EV W, (7) = V(W (D) +V, (P, (F)

(E'+LVI+ Ay, (F) = VP, )+ V,Fw,, F)



The HAL QCD method

e Construct the potential for ch.1 in the elastic region

 The HAL QCD potential.
Erelm<A

V.F )= Y VW, BV, ) v,
* The dual vector A inelastic region
v 1.m (?) Where J‘aﬁ”{/;vl,m (77)1/71,,1 (r)= 5mn elastic region

* The Schrodinger equation is satisfied by the potential

ME,;” = %Vf )l:u/l,n(?,t) = jd3r' VA(?,f’)g;lan(?’,t)J

integrate over r’ (E,Zel +#V3)VN/1,H(’7) — ‘/11(’7){/;1,,1(’7)+‘/12(’7)‘/72,,1(’7)



Current Matrix Elements(1)

» The Hamiltonian in the external field (| i
HIAI=T,+ Y TIAL+ XV, | e
i=1,2 i,j=12 | b (t,x)
\J )
. A
7.(A]=[dx 9] ()_C){_{v L —Am,w}qz ()
m
T,[A]= [d'x ¢§(a‘c>{— {V_’f L0 —Ao<x,r>+A}¢2(fc>
m

* The external field couples to the kinetic parts of p and p’
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Current Matrix Elements(2)

 Hamiltonian in the external fields with projection.

H,[A1=PH[A]P,

* Projection op. on to the elastic region
d P E’™ <A
|P9n>< ,

27’
» Unwanted transition to ch.2 is induced by the ext. field

» The projection is introduced to eliminate this contribution

* The Heisenberg op.

0, (x:A) = U, (0,1 A)p, (DU, (1,0; A) Uy(t,54) =T expli] di H,[4,]]



Current Matrix Elements(3)

e The NBS wave functions in external field.

l//i,nP(x’y;A) = <O‘¢0(}’§A)¢i(X;A) P’n> i =1,2

e Satisfy the modified coupled channel equation

4 N
(iD°+iD2+LV2jy/ X,y )= Y V(X =W 5 ,0(x,5;A)
X Ym X 2Ym y LnP \"¥>.)> =, 18 B.nP \7V2)
+| d’x" Ay 6V, 5 (X, 5.5 AW 5,0 (XY A)
\_ J. 18 Vs .p V)

e The Additional term from the cut off
8V, (2. 5:%.5'1A,) = (0]6, g, (F)(1 — PO HLA,1P,8,(3)5 ()] 0)

* We write
Vipa B.5:X7,55A4) =V, 5 (X = IS = B)S( = §) + 6V, 5(2,5:X,51A)
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Current Matrix Elements(4)

* The HAL QCD potential in the external field.

V(X 55402 D D Vi B3 %Y A )W ,0(3,5 WL (X.Y)

m  pB=1.2

Dual vector

* The dual vector satisfies orthogonality relation

Jd3x d3y l//vl’nQ(jC,y)WLmP()?,y) — 5nm53(P_Q)

* The Schrodinger equation is satisfied by the potential.
* NBS wave func. is reproduced.

2m

L(ZD +LD +2_V2)W1nP('x y;A)= ,’-d3x, d3 V,(X,Y; ?C,ay,;At)l/jl,nP(x,ay,QAﬂ




Current Matrix Elements(5)

H, = _Lvi —va J

2m 2m

(idy— Hy[A 1-VIA Dy (x;A)=0

@ Multiply 5A5( ) on both hand sides
Z
u

Oy (x;A) _ 6{H [A1+VIA ]}

d,+H,-V
(l 0 0 ) 514#(2) 514#(2) v(x)
@ Use the Green’s function
to solve the Eq.
Sy (x;4) _ (19,+ H —v)‘l 5{HO[AI]+V[At]}W(x)
6A,(2) b 6A,(2)
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Current Matrix Elements(6) ; Result(1)

* The Current matrix element formula
[ (L,P| j*(z)|m.Q) = j d3xjd3y yh (XK Ly ow L, (x,y)J

* The functional derivative

o) 1 -
u Do) — 2
K™ (x,y;2) 514# = [Ao(x) + ™ D+ VA[At]}

A=0

e Left and right eigenvectors
e coming from the Green’s func.

E, (P)l//ﬁmp =(H,+ V)l/fllfmp

\



Current Matrix Elements(6) ; Result(2)

* Physical meanings

* Time component / Charge density

\_

/ - -~ e 0 \
(1P @)|m.Q) = jd3yWL1,l(Z’y)WR1,m (Z,y)e
3. 13 _ _ oV [A] o
d’x d ’
+J xayy llP( X, y)———— 54, (2) R Ol// 1’mQ()C y) )

* Corresponding diagrams

2
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Summary

* We have given an example how to consider the matrix element

in an effective Q.M. which is defined by the HAL QCD’s phase
shift equiv. potentials.

* We have constructed the HAL QCD potential
in a 2" quantized non-relativistic 2 channel coupling model.

* In an effective Q.M. defined by the HAL QCD potential,
we have formulated how to calculate the current matrix element
so that the result agrees with those obtained from the original theory.

* Remaining problems
* Extensionto

* the relativistic theories
* models with composite particles

 To use it on the lattice, we have somehow to deal with
* the time-evolution in an external field with a cutoff
* the numerical evaluation of the functional derivative



Back up ; B.C for the Green’s func.

* The Green’s function
: -1
(i0,+H,—V) =G(t,t")

e The solution (without writing the coordinates)

oy (X,1;A)
5A,(2)

=G(1,2)K, ("W (")

e The functional derivative

Oy (X,1;A) _
5A,(2)

e The B.C for the Green’s func.
G(t,t")=0 (t<th)

0) (t<z")



Back up ; The Green’s func.

* The explicit form
N N [P . S i (P)(t—t)
G(:E7 ,ZL’y,t,t) :_Ze(t_t)Z/W¢lnP(x >¢1np<95 )6

e Satisfies



Back up ; Ward-Takahashi 1d.

* Ward-Takahashi identity gives the conservation rule.
* Ex; A p-n interaction model with non-local interaction.

(5, = [ o, [160)50,(0) + 5 (Vo3 (Top(a)

S:Sp+5n+51

7\

S, = [ dtay |60 8l 6a(0) + 5 (V6,0 (Tn(a)

Si= [ [ @ [ @yo@ 0650V E - Dons 06, (1)

e The Word-Takahashi id

e Obtained from local U(1) invariance of the observables.

—(i0,J,(2)) + V(2) = 0 V(@)= [d'x d'y (8 -2)- G- D}, (5., (5.2 W(E - 318,520, (£.2)

* If V(%) is adivergence of an current op., we call it an exchange current.



Introduction ; “Noether’s theorem™

* “Noether’s currents” are not always the conserved currents.
 Example : p-n pion exchange interaction

Original theory Effective quantum mechanics
N A N A p
S
i OPEP
Tt . Vv
Integrate out
P A n P4 n
Noether current = pionic part+ protonic part “Noether current” = protonic part

 Since the pion current is missing
the “Noether current” in the right do not conserve.
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Asymptotic form of NBS wave func.

* Example ; S-wave
(0lpE)90 ) p(+P)p(-).in)

d’k . R o ~ | |
:J(27Z,')32k0 <0|¢(X)| ¢(k)><¢(k)|¢(0)| ¢(+p)¢(—P),1n>+I(X) ¢as( x)= J(z ) 2k (k)e_lkx +a;(k)e+lkx)
. d’k T . 3 ,
=er ; el , = (2m) 2k, 5 (k- k
oo, SEGEO-Ep-ie) [a.(k).al (k) ]= @m) 2k,8" (k= k)

<O|¢(x)| ¢(k)> — 72 prike

: p(x)— Z"¢._(x) as x, — —o

ipr
— eifz-x + _(eZiﬁ(p) _ 1)€_+ .
2i pr
_ sin(pr+6(p)) e
pr

* From LSZ reduction formula

(0(k)9(k,),out|¢(p,)9(p,).in)

= (¢(k)p(k,).in| ¢(p)¢(p,).in)

+GY [d'x, [ d'x, ¢ (m+m®) ™ (o+m ) (O[T 9(x, )P (x,)| $(p, (s ).in)

= (¢(k)p(k,),in| ¢(p)P(p,),in)

+HQm) 8* (k + k, = p, = p,)(m” = (k, = p, — p,)* ) xi[ d*xe™ (m+m? ) (0|T9(x)p(0) $(p,)p(p,).in)
=T
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Asymptotic form of NBS wave func.

(0K )9 (k,),0ut|o(p, )P(p,),in)

= (¢(k,)p(k,),in|o(p)¢(p,).in)

+0) [d*x, [ d'x, ¢ (g+m® ) e (o+m® ) (0] T 9(x)P(x, | @(p, )9(p, ).in)

= (¢(k,)o(k,),in|¢(p,)¢(p,).in)

+i(2m)*8* (k, + k, — p, — p,)(m” = (k, = p, = p,)* ) xi [ d*x ™ (m+m )(0]T@(x)p(0) §(p, }9(p, ).in)
=T

2017/6/20 Lattice 2017 23



