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◗✉❡st✐♦♥s

❖♣❡♥ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✭❖❇❈✮ ❛♥❞ s♠❛❧❧ ✢♦✇ t✐♠❡✿
❚✐♠❡ tr❛♥s❧❛t✐♦♥ ✐♥✈❛r✐❛♥❝❡ ✐s ❞❡str♦②❡❞ ❝❧♦s❡ t♦ ♦♣❡♥ ❜♦✉♥❞❛r✐❡s ✐♥ t✐♠❡✳

✶✳ ❍♦✇ ❧❛r❣❡ ✐s t❤❡ ❜♦✉♥❞❛r② r❡❣✐♦♥ ✐♥ ❨▼ t❤❡♦r② ✇✐t❤ ♦♣❡♥ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s❄
■s t❤❡ ❡①t❡♥t ♦❢ t❤❡ ❜♦✉♥❞❛r② r❡❣✐♦♥ ❞♦♠✐♥❛t❡❞ ❜② ❞✐s❝r❡t✐s❛t✐♦♥ ❡✛❡❝ts ♦r t❤❡ ❝♦♥t✐♥✉✉♠ ❧✐♠✐t❄

✷✳ ❈❛♥ t❤❡ ❝♦♥t✐♥✉✉♠ ❧✐♠✐t ❛♥❞ ③❡r♦ ✢♦✇✲t✐♠❡ ❧✐♠✐t ❜❡ t❛❦❡♥ ✇✐t❤ ❛❝❝❡ss✐❜❧❡ ❧❛tt✐❝❡s❄
❇♦t❤ ❧✐♠✐ts ❛r❡ r❡q✉✐r❡❞ ✐♥ t❤❡ ❝♦rr❡❝t ♦r❞❡r ❢♦r t❤❡ s♠❛❧❧ ✢♦✇✲t✐♠❡ ❡①♣❛♥s✐♦♥✳

❖❇❈ ❛s ❛ t❡st ❝❛s❡ ❢♦r ✜♥✐t❡ t❡♠♣❡r❛t✉r❡ ❬✶❪✳

◆♦♥ ♣❡rt✉r❜❛t✐✈❡ r✉♥♥✐♥❣ ✐♥t♦ t❤❡ ♣❡rt✉r❜❛t✐✈❡ r❡❣✐♠❡✿
❲❡ ❝♦♠♣✉t❡ t❤❡ ❝♦✉♣❧✐♥❣ αqq ❢r♦♠ t❤❡ ❢♦r❝❡ F (r) ❜❡t✇❡❡♥ st❛t✐❝ q✉❛r❦s ❢♦r r/r0 ∈ [0.11, 1.3] ✳

✸✳ ❲❤❡r❡ ✐s t❤❡ ♣❡rt✉r❜❛t✐✈❡ r❡❣✐♦♥❄
❈♦♠♣❛r✐s♦♥ ♦❢ t❤❡ ♥♦♥ ♣❡rt✉r❜❛t✐✈❡ r✉♥♥✐♥❣ αqq(µ) ✇✐t❤ t❤❡ ♣❡rt✉r❜❛t✐✈❡ r✉♥♥✐♥❣ ❛t ✹✲❧♦♦♣
♦r❞❡r ♣❡rt✉r❜❛t✐♦♥ t❤❡♦r② ✐♥ t❤❡ r❡❣✐♠❡ αqq ≤ 0.3

✹✳ ❉❡t❡r♠✐♥❛t✐♦♥ ♦❢ t❤❡ Λ✲♣❛r❛♠❡t❡r✳ ✭ΛMS ✇✐t❤ ✸✪ ❡rr♦r✮

❇❛s✐❝s

●r❛❞✐❡♥t ✢♦✇✿

• ❙♦❧✉t✐♦♥ ❬✷❪ ♦❢
❞Bµ(t,x)

❞t = DνGνµ(t, x) , Bµ(0, x) = Aµ(x) ✐s ❛ s♠♦♦t❤✐♥❣ ✇✐t❤ ❘▼❙ r❛❞✐✉s
√
8t✱

✇❤❡r❡ t ✐s t❤❡ ✢♦✇ t✐♠❡✳

• ❈❛♥ ❜❡ ✉s❡❞ t♦ ✐♥tr♦❞✉❝❡ ❛ s❝❛❧❡
√
8t0 ✈✐❛ ❬✷❪✿ t2 〈E(t, x)〉

∣

∣

t=t0
= 0.3 ✳

• ❙♠❛❧❧ ✢♦✇✲t✐♠❡ ❡①♣❛♥s✐♦♥✿
❆❝t✐♦♥ ❞❡♥s✐t② ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❛s ❛♥ ❛s②♠♣t♦t✐❝ s❡r✐❡s ❬✸❪

E(t, x) =
1

4
Ga

µν(t, x)G
a
µν(t, x) = c1(t) + cE(t)Tµµ(x) + O (t) ,

✇✐t❤ t❤❡ tr❛❝❡ ♦❢ t❤❡ ❡♥❡r❣②✲♠♦♠❡♥t✉♠ t❡♥s♦r Tµµ ❛♥❞ ❝♦❡✣❝✐❡♥ts ❬✶❪

c1(t) =
〈

E(t, x♣❧❛t0 )
〉

, cE(t) =
1

2b0

(

1 + 2b0s̄ḡ
2 + O

(

ḡ4
)

)

,
√
20t0 . xplat

0 . T −
√
20t0 .

❋❧♦✇ t✐♠❡s ♥❡❡❞ t♦ s❛t✐s❢② ❬✹❪ a ≪
√
8t ≪ r❡❧❡✈❛♥t ❧♦✇ ❡♥❡r❣② s❝❛❧❡s .

❈♦✉♣❧✐♥❣ ✐♥ t❤❡ qq✲s❝❤❡♠❡✿

• ❋♦r❝❡ ❢r♦♠ ❲✐❧s♦♥ ❧♦♦♣s

g2qq(r) = 3πr2F (r), αqq = g2qq/(4π)

• P❡rt✉r❜❛t✐✈❡ r✉♥♥✐♥❣ ✉♣ t♦ ✹✲❧♦♦♣ ♦r❞❡r ❬✺✱ ✻✱
✼✱ ✽✱ ✾❪✿
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P❚ ✹✲❧♦♦♣✿ r0ΛMS = 0.602(48)
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◆❡❝❝♦✱ ❙♦♠♠❡r

−r
d

dr
gqq(r) = β(gqq) , βqq(gqq) = −g3qq

[

b0 + b1g
2
qq + b2g

4
qq +

(

b3 + b3,IR ln

(

CA

g2qq

8π

))

g6qq

]

+ O
(

g11qq
)

• ❘❡♥♦r♠❛❧✐③❛t✐♦♥ ❣r♦✉♣ ✐♥✈❛r✐❛♥t Λqqr = ϕ(gqq(r))

ϕ(gqq(r)) = (b0g
2
qq)

−
b1

2b2
0 e

− 1

2b0g2qq × exp

[

−
ˆ gqq

0
dx

(

1

βqq(x)
+

1

b0x3
− b1

b20x

)]

✭✶✮

❈♦♥✈❡rs✐♦♥ t♦ MS : ΛMS = Λqq × exp(35/66− γE)

❙✐♠✉❧❛t✐♦♥s

• ❲✐❧s♦♥ ♣❧❛q✉❡tt❡ ❛❝t✐♦♥ ✇✐t❤ ❖❇❈
✭F0k(0, ~x) = F0k(T, ~x) = 0 ✮

SG[U ] ··= β
6

∑

p
wp Re tr [1− Up]

• ❤②❜r✐❞ ♦✈❡rr❡❧❛①❛t✐♦♥ ✭❍❖❘✮✿

✕ ❈❛❜✐❜❜♦✲▼❛r✐♥❛r✐

✕ 8− 30 ♦✈❡rr❡❧❛①❛t✐♦♥ s✇❡❡♣s ♣❡r ❤❡❛t ❜❛t❤

• ❧❛r❣❡ ✈♦❧✉♠❡ L = 2 ❢♠✱ 2 ≤ T/L ≤ 3.4

β a ❬❢♠❪ r/r0 N✇❧ N✢♦✇

✻✳✵✻✻✷ ✵✳✵✽✸✹✭✹✮ [0.42, 1.92] ✶✷✶ ✺✶✶
✻✳✷✺✺✻ ✵✳✵✻✷✹✭✹✮ [0.31, 1.44] ✶✵✶ ✸✻✶
✻✳✸✹✵✻ ✵✳✵✺✺✺✭✷✮ ✕ ✕ ✸✹✶
✻✳✺✻✶✾ ✵✳✵✹✶✶✭✷✮ [0.21, 1.04] ✸✵✶ ✶✻✺
✻✳✼✽✺✾ ✵✳✵✸✶✷✭✷✮ [0.16, 1.22] ✻✹ ✹✾
✻✳✾✻✵✻ ✵✳✵✷✺✵✭✸✮ ✕ ✕ ✼✻
✼✳✶✶✹✻ ✵✳✵✷✵✻✭✷✮ [0.10, 0.64] ✻✹ ✕
✼✳✸✻✵✵ ✵✳✵✶✺✷✭✷✮ [0.07, 0.48] ✾✸ ✕
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t♦♣♦❧♦❣✐❝❛❧ ❝❤❛r❣❡ s❝❛❧❡s r♦✉❣❤❧② ✇✐t❤ a2

❖♣❡♥ ❜♦✉♥❞❛r✐❡s ❛♥❞ s♠❛❧❧ ✢♦✇ t✐♠❡

• ❉✐s❝r❡t✐s❛t✐♦♥ ❡✛❡❝ts ❛♥❞
❝♦♥t✐♥✉✉♠ ❧✐♠✐t

✕ t & t0✿ ♠♦❞❡r❛t❡ a✲❡✛❡❝ts

t ∈ [0.06, 0.17] t0✿
♠♦r❡ ♣r♦❜❧❡♠❛t✐❝

✕ ❈♦♥t✐♥✉✉♠ ❧✐♠✐t r❡❛❝❤❡❞
t ≃ 0.06 t0✿

✇✐t❤ a ∈ [0.025, 0.041] ❢♠
t ≃ 0.16 t0✿

✇✐t❤ a ∈ [0.025, 0.056] ❢♠
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• ❲✐❞t❤ ♦❢ ❜♦✉♥❞❛r② r❡❣✐♦♥✿
∼

√
20t0

✕ ❜❡❢♦r❡ ❛♥❞ ❛❢t❡r ❝♦♥t✐♥✉✉♠
❧✐♠✐t

⇒ ✐♠♣r♦✈❡♠❡♥ts ♦❢ ❛♥② ❦✐♥❞
✭❜♦✉♥❞❛r② ❝♦✉♥t❡rt❡r♠s✱ ✐♠✲
♣r♦✈❡❞ ✢♦✇✱ ❜✉❧❦ ❙②♠❛♥③✐❦
✐♠♣r♦✈❡♠❡♥t✮ ✇✐❧❧ ♥♦t ❡♥❧❛r❣❡
t❤❡ ❡①t❡♥t ♦❢ t❤❡ ❜♦✉♥❞❛r② r❡❣✐♦♥
s✐❣♥✐✜❝❛♥t❧②✳

⇒ ❚❤❡ ❜♦✉♥❞❛r② ♣❡❛❦ ✐s ❛ ❝♦♥t✐♥✲
✉✉♠ ♣❤❡♥♦♠❡♥♦♥
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β = 6.0662

β = 6.3406

β = 6.7859

❝♦♥t✳ ❧✐♠✐t

• ❩❡r♦ ✢♦✇✲t✐♠❡ ❧✐♠✐t

✕ ♣♦ss✐❜❧❡ ✇✐t❤ ♦✉r a ∈ [0.025, 0.056] ❢♠

✕ ❛❝❝✉r❛❝② ❛r♦✉♥❞ 10 ✲ 20% ✇✐t❤ ♦✉r st❛t✐st✐❝s
♥❛✐✈❡ ❧✐♥❡❛r ❡①tr❛♣♦❧❛t✐♦♥ ✐♥ t ✇✐t❤ ✜rst✱ ❝❡♥tr❛❧ ❛♥❞ ❧❛st ♣♦✐♥t

✕ s②st❡♠❛t✐❝ ❡✛❡❝ts ♦❢ t❤❡ ❝♦♥✲
t✐♥✉✉♠ ❡①tr❛♣♦❧❛t✐♦♥ s❡❡♠
✉♥❞❡r ❝♦♥tr♦❧
❚❡st❡❞ ❜② ❡①❝❧✉❞✐♥❣ ♦♥❡ ❧❛tt✐❝❡

s♣❛❝✐♥❣ ✭✜❧❧❡❞ ❛r❡❛✮✳

✕ st❛❜❧❡ ✇✐t❤ r❡s♣❡❝t t♦ ❛
❝❤❛♥❣❡ ✐♥ t❤❡ ♣❡rt✉r❜❛t✐✈❡
cE(t) ♦❢

∆cE(t) = ± ḡ4

2b0(4π)2
= ▲❖×α2
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◆▲❖ ♣❧❛q✳

◆▲❖ ❝❧♦✈❡r

◆◆▲❖ ♣❧❛q✳ ❛♣♣r♦①✳

◆◆▲❖ ❝❧♦✈❡r ❛♣♣r♦①✳

❙t❡♣ s❝❛❧✐♥❣ ❢♦r ❧❛r❣❡ ✈♦❧✉♠❡ ❛♥❞ s❤♦rt ❞✐st❛♥❝❡s

• ❙t❡♣ s❝❛❧✐♥❣ g2qq(sr) = σ(s, g2qq(r)) ✇✐t❤ s = 0.75 ❢♦r r ≤ 0.45

✕ ❇❡♥❡✜ts✿

+ ❞✐st❛♥❝❡s ❛r❡ ❦❡♣t s♠❛❧❧ ❛t ✜♥❡ ❧❛tt✐❝❡ s♣❛❝✐♥❣s a

+ ❧❡ss ❝♦♠♣✉t❛t✐♦♥❛❧ r❡s♦✉r❝❡s ❛♥❞ st✐❧❧ ❤✐❣❤ ♣r❡❝✐s✐♦♥
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st❡♣ s❝❛❧✐♥❣

st❡♣ s❝❛❧✐♥❣
r ≤ 0.45r0

u0 = g2qq(r∗)

u1 = g2qq(sr∗) = σ(s, u0)

u2 = g2qq(s
2r∗) = σ(s, u1)

✳✳✳
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