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Potts model coupled to complex external fields:

E Toy model for heavy-dense QCD (N = 3 & particular choice of interaction with external field).
B Analytically solvable in 1D.

B Sign-problem:
m ordinary sign-problem: complex & negative weights (representation dependent),
m irreduzible sign-problem: zeroes of partition function (representation-independent).
A Alternative representations:
m flux-variable representation (only for N = 2,3 due to equivalence to "clock model"),
m cluster representation.
H Edge singularities:
® benchmark for sign-problem in different representations,

m related to non-monotonic/oscillatory two-point functions.
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1. Parameters of the Potts partition function

m Partition function for N-state Potts model in d-dimensions:

d N-1
Zn(B ho, - i) = Z exp(Z(ﬁ Z(Z‘ssx,sxw _1) + Z hn‘sn/sx>>
{s} x v=1 n=0

with:
m Potts spins, € {0,...,N — 1} on each site x,

m inverse temperature g € R,
N-1

m and N external fields h,, € C,n € {0,...,N—1} (only (N — 1) independentas }_ 5,,/5)( =1Vx).
n=0

— Severe sign-problem (complex phases) for general 11, € C !
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1. Parameters of the Potts partition function

m Partition function for N-state Potts model in d-dimensions:

d N-1
Zn(B ho, - i) = Z exp(Z(ﬁ Z(Z‘ssx,sxw _1) + Z hn‘sn/sx>>
{s} x v=1 n=0

with:
m Potts spins, € {0,...,N — 1} on each site x,

m inverse temperature g € R,
N-1
m and N external fields h,, € C,n € {0,...,N—1} (only (N — 1) independentas }_ 5,,/5)( =1Vx).
n=0
— Severe sign-problem (complex phases) for general 11, € C !
m Consider subset of possible external fields:

21 2min

h, =he’ ™ £ e " with b €C

— For N = 3 : toy-model for heavy-dense QCD with i = e~ (M~1)/T and Iy = e~ (M+1)/T |
— Will focus on two special cases:
HW=0,heC,

B h+h =hg, h—1 =h;, wherehp, hj € R.
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2. Exact solution in 1D

m Partition function in 1D can be written as:

Zno (B 1 W) = Te (TH(B1H)),
with:
m transfer-matrix T, (B,h, ') =exp( B (26 —1)+h P*HJ”“ + 1 L:“
SxSx41 N - p SxrSx+1 ’
m system size L (periodic),

2mis, 27tis,
mandP,=e N ,Pi=e N
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2. Exact solution in 1D

m Partition function in 1D can be written as:

Zyy (B W) =Te (TH(B, 1)),
with:

: P_+P. +P*
= transfer-matrix Tsx's,\'+1 (B,h, 1) = exp <‘5 (255x";x+1 _ ) 4R J\+1 i r k+1> i

m system size L (periodic),

2mis, 2mis,

mandP,=e N ,Pi=e N

m Eigenvalue decomposition:

T(BH) = U (B1H) A(BIH ) U(BIH)
with:
m U(B,hH) e L(N,C),
u A(B,h, 1) =diag{ A (B,h,1),.... AN(BIH)} .
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2. Exact solution in 1D

m Partition function in 1D can be written as:

Zyy (B W) =Te (TH(B, 1)),
with:

: P_+P. +P*
= transfer-matrix Tsx's,\'+1 (B,h, 1) = exp <‘5 (255x";x+1 _ ) 4R J\+1 i r k+1> i

m system size L (periodic),

2mis, 27tis,
mandP,=e N ,Pi=e N

m Eigenvalue decomposition:
T(BH) = U (B1H) A(BIH ) U(BIH)
with:
= U(B,h 1) € L(N,C),
m A(Bh ) =diag{ Ay (I 1), ..., Ay(BI 1)} .

N
— Partition function: Zy 1 (B, 1, ') = Tr (AL(B W) = ¥ AL(B,hH).
k=1
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2. Exact solution in 1D: sign problem

m Considere.g.case 1 (W =0andh € C):

Zaip) = ¥ exo( (8 é(” -1+ )

{s} x

— severe sign problem for general i € C (partition function itself takes values in C).
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2. Exact solution in 1D: sign problem

m Considere.g.case 1 (W =0andh € C):

Zaip) = ¥ exo( (8 é(” -1+ )

{s} x
— severe sign problem for general i € C (partition function itself takes values in C).
— "phase quenched" partition function (drop imaginary part of Hamiltonian):

(D05, 15|

X v=1

Zng(B) = {E}
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2. Exact solution in 1D: sign problem

m Considere.g.case 1 (W =0andh € C):

Wb = T exo( (8 é(” -1+ )

{s} x

— severe sign problem for general i € C (partition function itself takes values in C).

— "phase quenched" partition function (drop imaginary part of Hamiltonian):

Zua(p) = 3 (D L 28, ~1) + Il cos(anglt) + 255 ) ).

) v=1
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2. Exact solution in 1D: sign problem

m Considere.g.case 1 (W =0andh € C):

Wb = T exo( (8 ém -1+ )

{s} x

— severe sign problem for general i € C (partition function itself takes values in C).

— "phase quenched" partition function (drop imaginary part of Hamiltonian):

280 = & o028 15 (26,5, ~ 1)+l cos g + 52 ) ).

{s}

1D system, L =16, 3 =0.8, N =2
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2. Exact solution in 1D: sign problem

m Considere.g.case 1 (W =0andh € C):

Wb = T exo( (8 ém -1+ )

{s} x

— severe sign problem for general i € C (partition function itself takes values in C).

— "phase quenched" partition function (drop imaginary part of Hamiltonian):

280 = & o028 15 (26,5, ~ 1)+l cos g + 52 ) ).

{s}

1D system, L =16, 3 =0.8, N =2

N=2, B=0.8, L=16, arg(h)=0

157 — Re
— Im

21z,
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2. Exact solution in 1D: sign problem

m Considere.g.case 1 (W =0andh € C):

Wb = T exo( (8 é@%w -1+ )

{s} x

— severe sign problem for general i € C (partition function itself takes values in C).

— "phase quenched" partition function (drop imaginary part of Hamiltonian):

o = T (55 05,1+ (o 5

{s} v=

1D system, L =16, 3 =0.8, N =2

N=2, B=0.8, L=16, arg(h)=0.5236

157 — Re

— Im

21z,

Ihi -
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2. Exact solution in 1D: sign problem

m Considere.g.case 1 (W =0andh € C):

Wb = T exo( (8 é@%w -1+ )

{s} x

— severe sign problem for general i € C (partition function itself takes values in C).

— "phase quenched" partition function (drop imaginary part of Hamiltonian):

Zua(p) = 3 (D L 28, ~1) + Il cos(anglt) + 255 ) ).

{s} v=1

1D system, L =16, 3 =0.8, N =2

af 1.0
N=2, 8=0.8, L=16, arg(h)=1.0472
157 — Re a8
— Im
1.0 18
05 T 0
,j’ | a4
N oo -2
-05 :
ZeC | ]
1.0 . 5
0 1 2 3 4 5 6 % .
Ihl Fieln
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2. Exact solution in 1D: sign problem

m Considere.g.case 1 (W =0andh € C):

Wb = T exo( (8 é@%w -1+ )

{s} x

— severe sign problem for general i € C (partition function itself takes values in C).

— "phase quenched" partition function (drop imaginary part of Hamiltonian):

Zua(p) = 3 (D L 28, ~1) + Il cos(anglt) + 255 ) ).

{s} v=

1D system, L =16, 3 =0.8, N =2

af 1.0
N=2, p=0.8, L=16, arg(h)=1.309
15F — Re 0.8
— Im
1.0 18
0.5 E 9
,j’ | a4
N -2
-05 1 :
ZeC | ]
1.0 4
0 1 2 3 4 5 6 % .
Ihl Fieln
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2. Exact solution in 1D: sign problem

m Considere.g.case 1 (W =0andh € C):

Wb = T exo( (8 é@%w -1+ )

{s} x

— severe sign problem for general i € C (partition function itself takes values in C).

— "phase quenched" partition function (drop imaginary part of Hamiltonian):

o = T (55 05,1+ (o 5

{s} v=1

1D system, L =16, 3 =0.8, N =2

N=2, B=0.8, L=16, arg(h)=1.5708

| Z = 0 = irreducible sign-problem! [

1.0 -
05\ /\ / £
A\ A A A -2

S NN |

21z,

00—\ NN NV

ZeR

Ihi -
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2. Exact solution in 1D: sign problem

m Considere.g.case 1 (W =0andh € C):
d 27'(i5x
N(BH) =} eXP<Z<ﬂ Z(Zésx,sxwfl) +the ™ >)
{s} X v=1

—» severe sign problem for general i € C (partition function itself takes values in C)

— "phase quenched" partition function (drop imaginary part of Hamiltonian)
27s, )) )

ZN,q(/B,h) = E exp(E( i + |h| Cos(arg( )+ ==

(s}

1D system, L =16, 3 =0.8, N =3
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2. Exact solution in 1D: sign problem

m Considere.g.case 1 (W =0andh € C):

Wb = T exo( (8 é@%w -1+ )

{s} x

— severe sign problem for general i € C (partition function itself takes values in C).

— "phase quenched" partition function (drop imaginary part of Hamiltonian):

o = T (55 05,1+ (o 5

{s} v=1

2y

1D system, L =16, 3 =0.8, N =3

N=3, B=0.8, L=16, arg(h)=0

157 — Re
— Im

21z,

Ihi -
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2. Exact solution in 1D: sign problem

m Considere.g.case 1 (W =0andh € C):

Wb = T exo( (8 é@%w -1+ )

{s} x

— severe sign problem for general i € C (partition function itself takes values in C).

— "phase quenched" partition function (drop imaginary part of Hamiltonian):

Zua(p) = 3 (D L 28, ~1) + Il cos(anglt) + 255 ) ).

{s} v=

2y

1D system, L =16, 3 =0.8, N =3

af 10
N=3, =0.8, L=16, arg(h)=0.34907
15F — Re 0.8
— Im

1.0 18

05 T 0
,j’ | a4

N oo -2
-05 :
ZeC | ]

1.0 - 4
0 2 3 4 5 6 7 % .

Ihl Fieln
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2. Exact solution in 1D: sign problem

m Considere.g.case 1 (W =0andh € C):

Wb = T exo( (8 é@%w -1+ )

{s} x

— severe sign problem for general i € C (partition function itself takes values in C).
— "phase quenched" partition function (drop imaginary part of Hamiltonian):
d
27'[5
Zng(Bh) =Y exp(E( Y (24 )+ |h cos(arg( )+ )))
{s} v=1

2y

1D system, L =16, 3 =0.8, N =3

af 1.0
N=3, 5=0.8, L=16, arg(h)=0.69813
157 — Re a8
— Im
1.0 18
05 E 0
,j’ | a4
N oo -2}
-05
ZeC | ]
1.0 - 4
0 2 3 4 5 6 7 = -
Ihl Fer:
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2. Exact solution in 1D: sign problem

m Considere.g.case 1 (W =0andh € C):

Wb = T exo( (8 é@%w -1+ )

{s} x

— severe sign problem for general i € C (partition function itself takes values in C).
— "phase quenched" partition function (drop imaginary part of Hamiltonian):
d
27'[5
Zng(Bh) =Y exp(E( Y (24 )+ |h cos(arg( )+ )))
{s} v=1

2y

1D system, L =16, 3 =0.8, N =3

af 10
N=3, =0.8, L=16, arg(h)=0.87266
15F — Re 0.8
— Im
1.0 18
05 T 0
,j’ | a4
N oo -2
-05
ZeC | ]
1.0 4
0 2 3 4 5 6 7 % .
Ihl Fieln
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2. Exact solution in 1D: sign problem

m Considere.g.case 1 (W =0andh € C):

Wb = T exo( (8 é@%w -1+ )

{s} x

— severe sign problem for general i € C (partition function itself takes values in C).

— "phase quenched" partition function (drop imaginary part of Hamiltonian):

Zua(p) = 3 (D L 28, ~1) + Il cos(anglt) + 255 ) ).

{s} v=1

2y

1D system, L =16, 3 =0.8, N =3

N=3, B=0.8, L=16, arg(h)=1.0472

| Z = 0 = irreducible sign-problem! [

1.0 -1

05\ /\ / E o
DAL AAAAAAA 2
AN AAAFAAAAY

Ihi -

21z,
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2. Exact solution in 1D: sign problem

m Considere.g.case 1 (W =0andh € C):

Wb = T exo( (8 é@%w -1+ )

{s} x

— severe sign problem for general i € C (partition function itself takes values in C).

— "phase quenched" partition function (drop imaginary part of Hamiltonian):

o = T (55 05,1+ (o 5

{s} v=1

1D system, L =16, 3 =0.8, N =4
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2. Exact solution in 1D: sign problem

m Considere.g.case 1 (W =0andh € C):

Wb = T exo( (8 é@%w -1+ )

{s} x

— severe sign problem for general i € C (partition function itself takes values in C).

— "phase quenched" partition function (drop imaginary part of Hamiltonian):

Zua(p) = 3 (D L 28, ~1) + Il cos(anglt) + 255 ) ).

{s} v=1

1D system, L =16, 3 =0.8, N =5

Relh
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2. Exact solution in 1D: sign problem

m Considere.g.case 1 (W =0andh € C):

Zaip) = ¥ exo( (8 é@‘%xw -1+ )

{s} x

— severe sign problem for general i € C (partition function itself takes values in C).

— "phase quenched" partition function (drop imaginary part of Hamiltonian):

Zua(p) = 3 (D L 28, ~1) + Il cos(anglt) + 255 ) ).

{s} v=1

1D system, L =16, 3 =0.8, N =6
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2. Exact solution in 1D: non-Hermitian transfer matrix

m Transfer matrix:

P, +P P + P
TSX,SJH»] (‘B,h,h/) = exp (ﬁ (255X,5x+1 - 1) +h== P e~ > XH)

m [f transfer matrix non-Hermitian — eigenvalues in general complex:
T(ﬁ,h,h’) # T*(/B,h,h’) = M (ﬁ,h,h’),...,/\N(ﬁ,h,h’) eC!

—> Z € Cingeneral.
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2. Exact solution in 1D: non-Hermitian transfer matrix

m Transfer matrix:

P, +P P + P
TSX,SJH»] (‘B,h,h/) = exp (ﬁ (2‘55,,sx+1 - 1) +h== P e~ > XH)

m [f transfer matrix non-Hermitian — eigenvalues in general complex:
T(B,h, 1) # T*(/&,h,h’) = MBBE),. .. ANBhI) eC!
—> Z € Cingeneral.
m But if Hamiltonian C T -symmetric: [Ogilvie, 2010, arXiv:1009.0745]

Hly) = E[¢) = HCT|y) = CTH|y) = CTE[y) = E*CT |[¢),
— Eigenvalues are either real or appear in complex-conjugate pairs.
vne{l,... ,N}Ame {1,..,N}: A, (BhH) = A;(Bh1) .

—> Z € R (can be negative or even zero).
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2. Exact solution in 1D: non-Hermitian transfer matrix

m Transfer matrix:

P, +P P + P
TSX,SJH»] (‘B,h,h/) = exp (ﬁ (2‘55,,sx+1 - 1) +h== P e~ > XH)

m [f transfer matrix non-Hermitian — eigenvalues in general complex:
T(B,h, 1) # T*(/B,h,h’) = MBBE),. .. ANBhI) eC!
—> Z € Cingeneral.
m But if Hamiltonian C T -symmetric: [Ogilvie, 2010, arXiv:1009.0745]
Hly) = Ely) = HCT |y) = CTH|y) = CTE|y) = E°CT |y),
— Eigenvalues are either real or appear in complex-conjugate pairs.
vne{l,... ,N}Ame {1,..,N}: A, (BhH) = A;(Bh1) .
—> Z € R (can be negative or even zero).

— Satisfied if for example:
B/Y=0heC with argh)c{Z|kez}
— using SCT instead of CT, S € Sy (symmetric group) ,
Bh+W=hg,h—H1 =h with hgh €R. [Ogilvie, 2010, arXiv:1009.0745]
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2. Exact solution in 1D: edge singularities and disorder lines

m Partition function and two-point correlation function:

Te(pT¢*TEY)  Tr(dA* " ALTY)
Tr (TL) B Tr (AL)

’

Zyy =Te(TH) =Te(AY) , (PPy) =

. 27i (k1) C2mi(-l) . .
with: g = dye N g =0ye N p=UpU ", ¢"=Up U .
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2. Exact solution in 1D: edge singularities and disorder lines

m Partition function and two-point correlation function:

Ti Tx *TL—.\‘ Tr (d A* &* AL,X
Zyy =Te(TH) =Te(AY) , (PPy) = r<(/)Tr((/;L) - r((/)Tr((f\L) )

) 277i (k=1) C2mi(k-1) . .
with: ¢y = oye” N s = e N ,p=UopU " ,¢*=Up*U .

m Consider limit L — co and assume that:

mVne{l..N}3Ime{l,...,N}:A, = A} (eigenvalues real or part of complex-conjugate pair),

moand [A| > (A > .. > |AN] A, # A, Vm,n € {1,...,N } (eigenvalues ordered w.r.t. modulus).
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2. Exact solution in 1D: edge singularities and disorder lines

m Partition function and two-point correlation function:

Ti Tx *TL—.\‘ Tr (d A* &* AL,X
Zyy =Te(TH) =Te(AY) , (PPy) = r<(/)Tr((/;L) - r((/)Tr((f\L) )

) 277i (k=1) C2mi(k-1) . .
with: ¢y = oye” N s = e N ,p=UopU " ,¢*=Up*U .

m Consider limit L — oo and assume that:
mVne{l..N}3Ime{l,...,N}:A, = A} (eigenvalues real or part of complex-conjugate pair),
moand [A| > (A > .. > |AN] A, # A, Vm,n € {1,...,N } (eigenvalues ordered w.r.t. modulus).

— 3 possible cases (simplified) : [Ogilvie, 2010, arXiv:1009.0745]
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2. Exact solution in 1D: edge singularities and disorder lines

m Partition function and two-point correlation function:

Ti Tx *TL—.\‘ Tr (d A* &* AL,X
Zyy =Te(TH) =Te(AY) , (PPy) = r<(/)Tr((/;L) - r((/)Tr((f\L) )

) 277i (k=1) C2mi(k-1) . .
with: ¢y = oye” N s = e N ,p=UopU " ,¢*=Up*U .

m Consider limit L — oo and assume that:
mVne{l..N}3Ime{l,...,N}:A, = A} (eigenvalues real or part of complex-conjugate pair),
moand [Aq| > |Ay] > > AN] A, # A, Vm,n € {1,...,N } (eigenvalues ordered w.r.t. modulus).
— 3 possible cases (simplified) : [Ogilvie, 2010, arXiv:1009.0745]
B A R, Voe{l,.. N}:

S (BP)= T ful (32) = 1Bul + Il e 1t O (e ) with e = Ja
0tx = 1n Al 11 12 s Al .
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2. Exact solution in 1D: edge singularities and disorder lines

m Partition function and two-point correlation function:

Ti Tx *TL—.\‘ Tr (d A* &* AL,X
Zyy =Te(TH) =Te(AY) , (PPy) = r<(/)Tr((/;L) - r((/)Tr((f\L) )

) 277i (k=1) C2mi(k-1) . .
with: ¢y = oye” N s = e N ,p=UopU " ,¢*=Up*U .

m Consider limit L — oo and assume that:
mVne{l..N}3Ime{l,...,N}:A, = A} (eigenvalues real or part of complex-conjugate pair),
moand [A| > (A > .. > |AN] A, # A, Vm,n € {1,...,N } (eigenvalues ordered w.r.t. modulus).
— 3 possible cases (simplified) : [Ogilvie, 2010, arXiv:1009.0745]
| A eR,.Vne{l,...,N}: (PBP;)— sumof pure exponentials

S (BP)= T ful (32) = 1Bul + Il e 1t 1O (e ) with e = Ja
0tx = 1n Al 11 12 s Al .
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2. Exact solution in 1D: edge singularities and disorder lines

m Partition function and two-point correlation function:

Ti Tx *TL—.\‘ Tr (d A* &* AL,X
Zyy =Te(TH) =Te(AY) , (PPy) = r<(/)Tr((/;L) - r((/)Tr((f\L) )

) 277i (k=1) C2mi(k-1) . .
with: ¢y = oye” N s = e N ,p=UopU " ,¢*=Up*U .

m Consider limit L — co and assume that:

mVne{l..N}3Ime{l,...,N}:A, = A} (eigenvalues real or part of complex-conjugate pair),

moand [A| > (A > .. > |AN] A, # A, Vm,n € {1,...,N } (eigenvalues ordered w.r.t. modulus).

— 3 possible cases (simplified) : [Ogilvie, 2010, arXiv:1009.0745]

| A eR,.Vne{l,...,N}: (PBP;)— sumof pure exponentials
N x _ -
= (RP) = ¥ Ifual* (5)" = Il + [fral’ € ™1*+0(e72%) with "0 = 5.
n=1
—ZnL ~ A% .
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2. Exact solution in 1D: edge singularities and disorder lines

m Partition function and two-point correlation function:

Ti Tx *TL—.\‘ Tr (d A* &* AL,X
Zyy =Te(TH) =Te(AY) , (PPy) = r<(/)Tr((/;L) - r((/)Tr((f\L) )

27i (k—1) 2mi(k=1) 5
with: gy = ye” N ¢ =0ye N p=UpU™, § =Up UL.
m Consider limit L — oo and assume that:

mVne{l..N}3Ime{l,...,N}:A, = A} (eigenvalues real or part of complex-conjugate pair),

moand [A| > (A > .. > |AN] A, # A, Vm,n € {1,...,N } (eigenvalues ordered w.r.t. modulus).

— 3 possible cases (simplified) : [Ogilvie, 2010, arXiv:1009.0745]

B A eR,Vne{l,..,N}: (PBP;)— sumofpure exponentials , Zy; — alwaysinRR,.

(P = £ Il (32) = 18l + 1fal’e ™ +0(e ") witne s = 2o
e

—ZnL ~ A% .
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2. Exact solution in 1D: edge singularities and disorder lines

m Partition function and two-point correlation function:

Ti Tx *TL—.\‘ Tr (d A* &* AL,X
Zyy =Te(TH) =Te(AY) , (PPy) = r<(/)Tr((/;L) - r((/)Tr((f\L) )

27i(k-1) 27i(k=1) _ ~
with: gy = ye” N ¢ =0ye N p=UpU™, § =Up UL.
m Consider limit L — oo and assume that:
mVne{l..N}3Ime{l,...,N}:A, = A} (eigenvalues real or part of complex-conjugate pair),

moand [A| > (A > .. > |AN] A, # A, Vm,n € {1,...,N } (eigenvalues ordered w.r.t. modulus).

— 3 possible cases (simplified) : [Ogilvie, 2010, arXiv:1009.0745]

B A eR,Vne{l,..,N}: (PBP;)— sumofpure exponentials , Zy; — alwaysinRR,.

B A eR,andA, = A5 €C
= (P PE) = Igool* + 1Bl () +()) = 1fool” + 21 e™"%* cos(m; x)

—mptimyp _ ’\72 .
M

with e
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2. Exact solution in 1D: edge singularities and disorder lines

m Partition function and two-point correlation function:

Ti Tx *TL—.\‘ Tr (d A* &* AL,X
Zyy =Te(TH) =Te(AY) , (PPy) = r<(/)Tr((/;L) - r((/)Tr((f\L) )

27i(k-1) 27i(k=1) _ ~
with: gy = ye” N ¢ =0ye N p=UpU™, § =Up UL.
m Consider limit L — oo and assume that:
mVne{l..N}3Ime{l,...,N}:A, = A} (eigenvalues real or part of complex-conjugate pair),

moand [A| > (A > .. > |AN] A, # A, Vm,n € {1,...,N } (eigenvalues ordered w.r.t. modulus).

— 3 possible cases (simplified) : [Ogilvie, 2010, arXiv:1009.0745]

B A eR,Vne{l,..,N}: (PBP;)— sumofpure exponentials , Zy; — alwaysinRR,.
B A eR,andA, =5 € C (P P;) — damped oscillation

= (PoPE) = Igool* + 1Bl () +()) = fool” + 21 e™"%* cos(m; ),

—mptimyp _ ’\72 .
M

with e
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. Exact solution in 1D: edge singularities and disorder lines

m Partition function and two-point correlation function:

Ti Tx *TL—.\‘ Tr (d A* &* AL,X
Zyy =Te(TH) =Te(AY) , (PPy) = r<(/)Tr((/;L) - r((/)Tr((f\L) )

27i(k-1) 27i(k=1) _ ~
with: gy = ye” N ¢ =0ye N p=UpU™, § =Up UL.
m Consider limit L — oo and assume that:
mVne{l..N}3Ime{l,...,N}:A, = A} (eigenvalues real or part of complex-conjugate pair),

moand [A| > (A > .. > |AN] A, # A, Vm,n € {1,...,N } (eigenvalues ordered w.r.t. modulus).

— 3 possible cases (simplified) : [Ogilvie, 2010, arXiv:1009.0745]

B A eR,Vne{l,..,N}: (PBP;)— sumofpure exponentials , Zy; — alwaysinRR,.
B A eR,andA, =5 € C (P P;) — damped oscillation
PP a1 P 22 (A MY iz 2 B |2 o~ MRX
= (PoPE) = Igool* + 1Bl () +()) = fool” + 21 e™"%* cos(m; ),

—mp+im 7’\72
R 17/\

with e .
1

= Zy ~ AL
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. Exact solution in 1D: edge singularities and disorder lines

m Partition function and two-point correlation function:

Ti Tx *TL—.\‘ Tr (d A* &* AL,X
Zyy =Te(TH) =Te(AY) , (PPy) = r<(/)Tr((/;L) - r((/)Tr((f\L) )

) 277i (k=1) C2mi(k-1) . .
with: ¢y = oye” N s = e N ,p=UopU " ,¢*=Up*U .

m Consider limit L — oo and assume that:
mVne{l..N}3Ime{l,...,N}:A, = A} (eigenvalues real or part of complex-conjugate pair),

moand [A| > (A > .. > |AN] A, # A, Vm,n € {1,...,N } (eigenvalues ordered w.r.t. modulus).

— 3 possible cases (simplified) : [Ogilvie, 2010, arXiv:1009.0745]

B A eR,Vne{l,..,N}: (PBP;)— sumofpure exponentials , Zy; — alwaysinRR,.
B A eR,andA, =3 € C (P P;) — damped oscillation , Zy; — alwaysinR,.
* 522 (2) AN : o2 P
= (PoP2) = Igool* + 1Bl () +()) = 1fool” + 21 e™"5* cos(m; ),

—mp+im 7’\72
R 17/\

with e .
1

= Zy ~ AL
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2. Exact solution in 1D: edge singularities and disorder lines

m Partition function and two-point correlation function:

Te(pT ¢ T Te(§ATP ALY
Tr (TL) B Tr (AL)

’

Zy, =Te(TH) =Te(AY) , (PP}) =
27i(k—1) 27i(k=1)

with: gy = ye” N ¢ =0ye N p=UpU™, § =Up UL.
m Consider limit L — oo and assume that:
mVne{l..N}3Ime{l,...,N}:A, = A} (eigenvalues real or part of complex-conjugate pair),
moand [Aq| > |Ay] > > AN] A, # A, Vm,n € {1,...,N } (eigenvalues ordered w.r.t. modulus).
— 3 possible cases (simplified) : [Ogilvie, 2010, arXiv:1009.0745]
B A eR,Vne{l,..,N}: (PBP;)— sumofpure exponentials , Zy; — alwaysinRR,.

B A eR,andA, =3 € C (P P;) — damped oscillation , Zy; — alwaysinR,.

BA=AcC
e N L—x
ATEE [ 4+ () E|4’|A
1 1n 2n .
(R P) ™ = Tl ~|ful + %\4’12\
AL(27) cos{my
L Ay AT
with ' = ﬁ = ﬁ .
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2. Exact solution in 1D: edge singularities and disorder lines

m Partition function and two-point correlation function:

Te(pT ¢ T Te(§ATP ALY
Tr (TL) B Tr (AL)

’

Zy, =Te(TH) =Te(AY) , (PP}) =
with: ¢ = R L5 = du e*w,gﬁ =U¢pUut, ¢ =Ug ut.
m Consider limit L — oo and assume that:
mVne{l..N}3Ime{l,...,N}:A, = A} (eigenvalues real or part of complex-conjugate pair),
moand [Aq| > |Ay] > > AN] A, # A, Vm,n € {1,...,N } (eigenvalues ordered w.r.t. modulus).
— 3 possible cases (simplified) : [Ogilvie, 2010, arXiv:1009.0745]
B A eR,Vne{l,..,N}: (PBP;)— sumofpure exponentials , Zy; — alwaysinRR,.
B A eR,andA, =3 € C (P P;) — damped oscillation , Zy; — alwaysinR,.
B A=A €C (PyP;) — pure oscillation
Af*xngm”‘ (0 )L ' ): |¢2"| A -2 COS(ml (x—=L/2))

(R P) ~ L ~lpul” + W Pl

i A AF
i imy __ 2 1
with eI = bl el
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2. Exact solution in 1D: edge singularities and disorder lines

m Partition function and two-point correlation function:

Tr(pT*¢* TE™)  Tr(GA*¢* A7)
Tr (TL) B Tr (AL)

Zyp = Te(TF) = Te (AY) , (PyPy) =

’

27i (k—1) 2mi(k=1) _ 5
with: ¢y = Sye™ N ph =dye N p=UgpU ', ¢ =Up U .

m Consider limit L — co and assume that:
mVne{l..N}3Ime{l,...,N}:A, = A} (eigenvalues real or part of complex-conjugate pair),
moand [A| > Ay > > |AN] A, # A, Vm,n € {1,...,N } (eigenvalues ordered w.r.t. modulus).
— 3 possible cases (simplified) : [Ogilvie, 2010, arXiv:1009.0745]
B A, €R,Vne{l,.. ,N}: (PP;)— sumofpureexponentials , Zy; —alwaysinR,.
B A eR,andAy =725 € C (P P;) — damped oscillation , Zy; — alwaysin R, .
B A=A €C (PyP;) — pure oscillation

)‘LXZI‘Pln‘AJrA)LX

A+ (0g)"

S o2
OO O cos x—L/2)
=1 ~ |l + W ol

= (R P)~

; A
with e = 22 = 71|
M

= Zyp = AR+ (A = 2|0 |F cos(m L/2) .
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2. Exact solution in 1D: edge singularities and disorder lines

m Partition function and two-point correlation function:

Tr(pT*¢* TE™)  Tr(GA*¢* A7)
Tr (TL) B Tr (AL)

Zyp = Te(TF) = Te (AY) , (PyPy) =

’

27i (k—1) 2mi(k=1) _ 5
with: ¢y = Sye™ N ph =dye N p=UgpU ', ¢ =Up U .

m Consider limit L — co and assume that:
mVne{l..N}3Ime{l,...,N}:A, = A} (eigenvalues real or part of complex-conjugate pair),
moand [A| > Ay > > |AN] A, # A, Vm,n € {1,...,N } (eigenvalues ordered w.r.t. modulus).
— 3 possible cases (simplified) : [Ogilvie, 2010, arXiv:1009.0745]
B A, €R,Vne{l,.. ,N}: (PP;)— sumofpureexponentials , Zy; —alwaysinR,.
B A eR,andAy =725 € C (P P;) — damped oscillation , Zy; — alwaysin R, .
B A =A€C (PyP) — pureoscillation , Zyp —inR!

)‘LXZI‘Pln‘AJrA)LX

A+ (0g)"

S o2
ORI O cos x—L/2)
=1 ~ |l + W ol

= (R P)~

; A
with e = 22 = 71|
M

= Zyp = AR+ (A = 2|0 |F cos(m L/2) .
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2. Exact solution in 1D: edge singularities and disorder lines

[Ogilvie, 2010, arXiv:1009.0745]

= Bxample: case 2 (i + /' =hy and b —h' =y [ g, iy € R) 2y ng 2016, arxivi1602.02925]

— h, = 2 (hg cos(231) + ik sin(2F1)) .
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2. Exact solution in 1D: edge singularities and disorder lines

[Ogilvie, 2010, arXiv:1009.0745]
. ’_ = . -
= Example: case 2 (h+ 1’ =hg and h =" =hy Lhg, iy € R) = 005016, arxiv:1602.02925)

— h, = 2 (hg cos(231) + ik sin(2F1)) .

m "Phase diagram™:

— purely exponential correlation functions ("gaseous" phase) ,

Two-point function:

N=3, p=1.2, L=16, hg=0.5, h;=0.

— mg=1438
0.010 — m=0.

X
£ 0.001
:D__\ 7
S 10
o
v

10

0 5 10 15
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2. Exact solution in 1D: edge singularities and disorder lines

m Example: case 2 (h+ 1 =hgandh —h =h; | hg, h; € R) :

— h, =2 (hg cos(25") + ik sin (27"

m "Phase diagram™:

) -

[Ogilvie, 2010, arXiv:1009.0745]
[Akerlund, 2016, arXiv:1602.02925]

— purely exponential correlation functions ("gaseous" phase) ,

— damped-oscillatory correlation functions ("liquid" phase) ,

0.0001
0.00005
A
G 00000
=)
o
v
-0.00005

-0.0001
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Two-point function:

N=3, f=1.2, L=16, hg=1., h=0.5

— mg=3.013
— m=0.863
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2. Exact solution in 1D: edge singularities and disorder lines

[Ogilvie, 2010, arXiv:1009.0745]
. ’_ = . -
= Example: case 2 (h+ 1’ =hg and h =" =hy Lhg, iy € R) = 005016, arxiv:1602.02925)

— h, = 2 (hg cos(231) + ik sin(2F1)) .

m "Phase diagram™:

— purely exponential correlation functions ("gaseous" phase) ,
— damped-oscillatory correlation functions ("liquid" phase) ,

Two-point function:

N=3, =1.2, L=16, hg=1., hj=0.5

107 — mr=3.013
— m=0.863
__10°
A
= 107 ;-
S 5
o -9
g 10
v

101

10713
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2. Exact solution in 1D: edge singularities and disorder lines

[Ogilvie, 2010, arXiv:1009.0745]

= Example: case 2 (i + 1" =g and h = =hy [ hx b € R): - yeung 2016, arxiv:1602.02925]

— h, = 2 (hg cos(231) + ik sin(2F1)) .

m "Phase diagram™:

— purely exponential correlation functions ("gaseous" phase) ,
— damped-oscillatory correlation functions ("liquid" phase) ,

— purely oscillatory correlation functions ("crystalline" phase) .

. . Uy
Two-point function:
N=3, B=1.2, L=16, hg=-0.5, h;=0.467
3.40F T T ™3 s
— mp=0.
— my=-1.606
3.35- ]
A
E = D
= 3.30- 1
T
¥ b J
3.25- 1 i
0 5 10 15
t
4
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2. Exact solution in 1D: edge singularities and disorder lines

[Ogilvie, 2010, arXiv:1009.0745]

= Example: case 2 (i + 1" =g and h = =hy [ hx b € R): - yeung 2016, arxiv:1602.02925]

— h, = 2 (hg cos(231) + ik sin(2F1)) .

m "Phase diagram™:
— purely exponential correlation functions ("gaseous" phase) ,
— damped-oscillatory correlation functions ("liquid" phase) ,
— purely oscillatory correlation functions ("crystalline" phase) .

i

m Transition gas < liquid : disorder line

(no true phase transition; free energy smooth)
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2. Exact solution in 1D: edge singularities and disorder lines

[Ogilvie, 2010, arXiv:1009.0745]

= Example: case 2 (i + 1" =g and h = =hy [ hx b € R): - yeung 2016, arxiv:1602.02925]

— h, = 2 (hg cos(231) + ik sin(2F1)) .

m "Phase diagram™:

— purely exponential correlation functions ("gaseous" phase) ,
— damped-oscillatory correlation functions ("liquid" phase) ,
— purely oscillatory correlation functions ("crystalline" phase) .

il
m Transition gas < liquid : disorder line

(no true phase transition; free energy smooth)

m Transition gas,liquid <+ crystal : edge singularity

(Z = 0, sign change; free energy discontinuous)
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2. Exact solution in 1D: edge singularities and two-point function

m Average sign (sign) = Zy/Zy, as function of hg and h; .

— Again, phase quenched partition function ZN,q — Hamiltonian Hq =Re(H) .

1D system, L=16,=12,N =3

N=3, =12, L=16, hg=-0.01
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2. Exact solution in 1D: edge singularities and two-point function

m Average sign (sign) = Zy/Zy, as function of hg and h; .

— Again, phase quenched partition function ZN,q — Hamiltonian Hq =Re(H) .

1D system, L=16,=12,N =3

N=3, B=1.2, L=16, hg=-0.5

— LT
1.0 Re
— im
LT
05
5 04
N
00 0z
o |
|
0.5
3 2 -1 ) 1 2 3
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2. Exact solution in 1D: edge singularities and two-point function

m Average sign (sign) = Zy /Zy, as function of hz and h; .

— Again, phase quenched partition function ZW — Hamiltonian Hq =Re(H) .

m In finite 1D system: crossings of zero of Zy; | related to wavelength of two-point func. in
crystalline phase:

Zyy ~ Acos(m;L/2) ,

1D system, L=16,=12,N =3

N=3, =1.2,L=16, hg=-0.5

21z,

— Re

— Im

Lattice 2017, Granada

T. Rindlisbacher & P. de Forcrand

cos(my (x—L/2))

(P Py) ~B +C, cos(myL/2) 7

g=12
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2. Exact solution in 1D: edge singularities and two-point function

m Average sign (sign) = Zy/Zy, as function of hg and h; .
— Again, phase quenched partition function ZN,q — Hamiltonian Hq =Re(H) .

m In finite 1D system: crossings of zero of Zy; | related to wavelength of two-point func. in
crystalline phase:

" x—L/2
Zyy ~ Acos(myL/2) , (PyPi) =B+ Cf%’

— between h; = 0 and first zero: exponentially decaying correlator (gaseous phase),

1D system, L=16,=12,N =3

N=3, =1.2, [:16, he=-0.5 N=3, B=1.2, L=16, hg=-0.5, h,;=0.0001
1ol — Re 25 — mg=0.1
— im — m=0.
2 20
0.5 i_“,
N o
" S
o 15
0.0 v
1.0
-05
3 2 - d 1 2 3 0 5 10 15
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2. Exact solution in 1D: edge singularities and two-point function

Lattice 2017, Granada T. Rindlisbacher & P. de Forcrand

m Average sign (sign) = Zy/Zy, as function of hg and h; .
— Again, phase quenched partition function ZN,q — Hamiltonian Hq =Re(H) .
m In finite 1D system: crossings of zero of Zy; | related to wavelength of two-point func. in

crystalline phase:

" x—L/2
Zyy ~ Acos(myL/2) , (PyPi) =B+ Cf%’

— between h; = 0 and first zero: exponentially decaying correlator (gaseous phase),

— between n-th and (1 + 1)-th zero: (undamped) oscillatory behavior (crystalline phase).

1D system, L=16,=12,N =3
N=3, B=1.2, L=16, hg=-0.5, h=0.125

N=3, g=1.2, L6, hg=-0.5
10f — Re 45 e 1
—m — m=-0.391
A 40
0.5 i:/
N o
N B
o
%/ 3.5
0.0
3.0
-05
3 2 - d 2 3 0 5 10 15
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2. Exact solution in 1D: edge singularities and two-point function

m Average sign (sign) = Zy/Zy, as function of hg and h; .
— Again, phase quenched partition function ZN,q — Hamiltonian Hq =Re(H) .
m In finite 1D system: crossings of zero of Zy; | related to wavelength of two-point func. in

crystalline phase:

" x—L/2
Zyy ~ Acos(myL/2) , (PyPi) =B+ Cf%’

— between h; = 0 and first zero: exponentially decaying correlator (gaseous phase),
— between n-th and (1 + 1)-th zero: (undamped) oscillatory behavior (crystalline phase).

1D system, L=16,=12,N =3
N=3, B=1.2, L=16, hg=-0.5, h=0.225

N=3, g=1.2, L6, hp=-0.5
1ofy — Re 36 — mr=0. ]
—Im —=m=-0.756
A
05 =
N o
N S
v
00
-05 3.1 s
-3 -2 -1 ol 1 2 3 0 5 10 15
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2. Exact solution in 1D: edge singularities and two-point function

m Average sign (sign) = Zy/Zy, as function of hg and h; .

— Again, phase quenched partition function ZN,q — Hamiltonian Hq =Re(H) .

m In finite 1D system: crossings of zero of Zy; | related to wavelength of two-point func. in
crystalline phase:

Zyy ~ Acos(m;L/2) ,

cos(my (x—L/2))

(P Py) ~B +C, cos(myL/2) 7

— between h; = 0 and first zero: exponentially decaying correlator (gaseous phase),

— between n-th and (1 + 1)-th zero: (undamped) oscillatory behavior (crystalline phase).

1D system, L=16,=12,N =3

N=3, g=1.2, L=18, hg=-0.5

214

— Re

- Im

Lattice 2017, Granada
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N=3, B=1.2, L=16, hg=-0.5, h;=0.345

3.20
— mR=0.

=118 |

3.15

3.10
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2. Exact solution in 1D: edge singularities and two-point function

m Average sign (sign) = Zy/Zy, as function of hg and h; .

— Again, phase quenched partition function ZN,q — Hamiltonian Hq =Re(H) .

m In finite 1D system: crossings of zero of Zy; | related to wavelength of two-point func. in
crystalline phase:

Zyy ~ Acos(m;L/2) ,

cos(my (x—L/2))

(P Py) ~B +C, cos(myL/2) 7

— between h; = 0 and first zero: exponentially decaying correlator (gaseous phase),

— between n-th and (1 + 1)-th zero: (undamped) oscillatory behavior (crystalline phase).

1D system, L=16,=12,N =3

N=3, 8=1.2, L=16] hg=-0.5

214

— Re

- Im
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N=3, B=1.2, L=16, hg=-0.5, h;=0.467
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2. Exact solution in 1D: edge singularities and two-point function

m Average sign (sign) = Zy/Zy, as function of hg and h; .
— Again, phase quenched partition function ZN,q — Hamiltonian Hq =Re(H) .

m In finite 1D system: crossings of zero of Zy; | related to wavelength of two-point func. in
crystalline phase:
- ~ cos(m (x—L/2))
Zyy ~ Acos(myL/2) , (PyPi) =B+ C,W ,
— between h; = 0 and first zero: exponentially decaying correlator (gaseous phase),
— between n-th and (1 + 1)-th zero: (undamped) oscillatory behavior (crystalline phase).

1D system, L=16,=12,N =3
N=3, B=1.2, L=16, hg=-0.5, h;=0.565

N=3, =1.2, L=16[]hr=-0.5
3.14 -

— mg=0.
my=-1248

— Re

- Im

¢

<P(0)P*(t)>,
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3. Alternative representations

m How well do different representations of the same partition function (spin-, cluster-, or
flux-variable rep.) deal with different types of sign-problems?
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3. Alternative representations

m How well do different representations of the same partition function (spin-, cluster-, or
flux-variable rep.) deal with different types of sign-problems?

m Sign-problem is irreducible at zeroes of partition function (must be present in all
representations)!
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3. Alternative representations

m How well do different representations of the same partition function (spin-, cluster-, or
flux-variable rep.) deal with different types of sign-problems?

m Sign-problem is irreducible at zeroes of partition function (must be present in all
representations)!

m Benchmark for severity of sign-problem in different representations:
— how quick does sign-problem develop when approaching first edge-singularity?
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3. Alternative representations: flux-variable representation

m Will consider case 1 of external field coupling (4’ =0and h € C):

Zy(Bh) = Y eXP<Z<" £ (26, =1+ e’ ))

{s} x v=1
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3. Alternative representations: flux-variable representation

m Will consider case 1 of external field coupling (4’ =0and h € C):

d Tis
Zy(Bh) =Y, exp():(ﬂ Y (25 —1)+ e N
{s} x v=1 o

m Flux representation for N-state Potts model only available for N = 2, 3!
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3. Alternative representations: flux-variable representation

m Will consider case 1 of external field coupling (4’ =0and h € C):
d 27mis
Z(Bh) = Y exp(Z(ﬂ Y (26, . —1) +he ¥ ))
{s} x v=1

m Flux representation for N-state Potts model only available for N = 2, 3!

m Dual formulation for N = 2: [U. Wolff, Nucl. Phys. B 810 (2009) 491-502]

v
Z(B,h) = <cosh(h) cosh(ﬁ)d)
|

d
ek 0mod, (my+5_y (ks +k
with:
m flux variables k., € { 0,1} living on links,

m monomer occupation numbers n, € {0,1 } living on sites.
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3. Alternative representations: flux-variable representation

m Will consider case 1 of external field coupling (4’ =0and h € C):
d 27is
Z(p) = ¥ ewp( L (B L (200, ~1) +he ¥ ) )
{s} x v=1

m Flux representation for N-state Potts model only available for N = 2, 3!

m Dual formulation for N = 2: [U. Wolff, Nucl. Phys. B 810 (2009) 491-502]
d 14
Z(B,h) = (cosh(h) cosh(B) )
§ d p
. tanh(h)" tanh(g)=r=1%xx }
{}% } IJ{ ( ) (ﬁ) O’mOdZ (mx+):ﬁ:1 (kx,y +kx—;7,;4))

with:

m flux variables k., € { 0,1} living on links,

m monomer occupation numbers n, € {0,1 } living on sites.

— weights are:
m complex for general i € C,

m real for /1 purely real or purely imaginary,
m real and positive only for /1 purely real!
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3. Alternative representations: flux-variable representation

m Will consider case 1 of external field coupling (4’ =0and h € C):
d 27is
Z(p) = ¥ ewp( L (B L (200, ~1) +he ¥ ) )
{s} x v=1

m Flux representation for N-state Potts model only available for N = 2, 3!
m Dual formulation for N = 2: [U. Wolff, Nucl. Phys. B 810 (2009) 491-502]
N
Z(B,h) = (cosh(h) cosh(B) )
d
. tanh (1) tanh(B)Zn=1Fxu § }
T -

d
{km} x O;mod, (mx+):‘,4:1 ( X
with:
m flux variables k., € { 0,1} living on links,
m monomer occupation numbers n, € {0,1 } living on sites.
— weights are:
m complex for general i € C,

m real for /1 purely real or purely imaginary,
m real and positive only for /1 purely real!

m Dual formulation for N =3 —  [Y. Delgado et al., Comp. Phys. Commun. 183 (2012);'1920-1927]
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3. Alternative representations: cluster representation

m Obtaining the cluster representation: [M. Alford et al., Nucl. Phys. B 602 (2001) 61-86]

Zn(B hgs ooy ) = {; eXP(;(ﬁvé(ZZSSwSHa - 1) + I:;)l h”‘s"'sx)) ’
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3. Alternative representations: cluster representation

m Obtaining the cluster representation: [M. Alford et al., Nucl. Phys. B 602 (2001) 61-86]

Zyg (Bl oy 1) = {;}I:I(f[lexr)(ﬁ (20,5, - 1))) p(N;: hnan,sx) ,
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3. Alternative representations: cluster representation

m Obtaining the cluster representation: [M. Alford et al., Nucl. Phys. B 602 (2001) 61-86]
d N-1
ZN(B ho, - hnq) = 2 H(HEXP <ﬁ <2‘55X,sx+9 - 1))) exp( 2 hy, 5n,sx) ,
{s} x \v=1 n=0

— expand each link weight as:

exp(ﬁ (25)( Syiv ) =ef E (§1b SxSx+0 (ewil) + éo'bx,l') ’

=01
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3. Alternative representations: cluster representation

m Obtaining the cluster representation: [M. Alford et al., Nucl. Phys. B 602 (2001) 61-86]
d N-1
ZN(B ho, - hnq) = 2 H(HEXP <5 <2‘55X,sx+9 - 1))) exp( 2 hy, 5n,sx) ,
{s} x \v=1 n=0

— expand each link weight as:

exp(ﬁ (25)( Syiv ) =’ 201(5” SxSx+0 (ewil) + 50,1))(,‘,) ’

— for individual terms to be non-zero:

— b v 1 = s,ands must be equal ,

x+U

— by, =0 = s,ands, ; independent.
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3. Alternative representations: cluster representation

m Obtaining the cluster representation: [M. Alford et al., Nucl. Phys. B 602 (2001) 61-86]
d N-1
ZN(B ho, - hnq) = 2 H(HEXP <5 <2‘55X,sx+9 - 1))) exp( 2 hy, 5n,sx) ,
{s} x \v=1 n=0

— expand each link weight as:

exp(ﬁ (255x'5x+ﬁ B ) =€ i E (§1b v SxSx4v (ewil) + 50,1))(,‘,) ’

=01

— for individual terms to be non-zero:

— by, =1 = s, ands

% must be equal ,

x+U

- b,, =0 = s, ands, ; independent.

—each given bond config. b defines set C[ b ] of independent clusters!
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3. Alternative representations: cluster representation

m Obtaining the cluster representation: [M. Alford et al., Nucl. Phys. B 602 (2001) 61-86]
d N-1
ZN(B ho, - hnq) = 2 H(HEXP <5 <2‘55X,sx+9 - 1))) exp( 2 hy, 5n,sx) ,
{s} x \v=1 n=0

— expand each link weight as:

exp(ﬁ (25)( Syiv ) =’ 201(5” SxSx+0 (ewil) + 50,1))(,‘,) ’

— for individual terms to be non-zero:

— by, =1 = s, ands

% must be equal ,

Y+L
- b,, =0 = s, ands, ; independent.

—each given bond config. b defines set C[ b ] of independent clusters!

— Cluster representation:

N(B hg, o i) = e VY (2P 1) 5 WHWNhg/ iy (CD
(b} ceclb
with:

N-1
WN,hU ..... hN 1 ‘C‘ ZGXPOC\ Z hnlsns) = Zexp(‘clhn)'
n=0

n=0
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3. Alternative representations: cluster representation

m Cluster representation: [M. Alford et al., Nucl. Phys. B 602 (2001) 61-86]

Zn(B hg, o hyy) = e PVY (P - 1 HWNhO/ iy (CD)

{b} CeC[b]
with:
N— N-1
Wi,y (ICD) = Zexp(\cw Y h, ) = L expllcli)
n=0 n=0
mif Wy, iy, (Vo) ERLVVE€{L...,V} no sign-problem!

— Can do importance sampling w.r.t. bond variables b, ,,.
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3. Alternative representations: cluster representation

m Cluster representation: [M. Alford et al., Nucl. Phys. B 602 (2001) 61-86]

Zn(B hg, o hyy) = e PVY (P - 1 HWNhO/ iy (CD)
(b} cec(b]

with:

N-— N-1
Wiy, (C1) = ZeXP<\C\ ¥ b ) = X expliClh).
n=0

n=0

mIf W, Ve) e R.VVE €{1,...,V : no sign-problem!
N,hg,..., C + C

N
— Can do importance sampling w.r.t. bond variables b, ,,.

— Condition not satisfied for general 1, € C:

N-1 N-1
Wi g, (IC1) = ;J exp(|C| Re(h,)) cos(|C[Im(h,)) + i ;J exp(|C| Re(h,)) sin(|C| Im(h,))
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3. Alternative representations: cluster representation

m Cluster representation: [M. Alford et al., Nucl. Phys. B 602 (2001) 61-86]

Zn(B hg, o hyy) = e PVY (P - 1 HWNhO/ iy (CD)
(b} cec(b]

with:

N-— N-1
Wiy, (C1) = ZeXP<\C\ ¥ b ) = X expliClh).
n=0

n=0

m If WN,hU, y

iy (Vo) ERLVVE €{L,...,V} no sign-problem!

— Can do importance sampling w.r.t. bond variables b, ,,.

— Condition not satisfied for general 1, € C:

N-1 N-1
Wi,y (IC)) = 3 exp(|C| Re(h,)) cos(|C| Im(h,)) +1i ) exp(|C| Re(h,)) sin(|C| Im(h,))

n=0 n=0

= Wi, (Vo) € RVVe € {1,...,V }if non-real I, occur in complex-conjugate pairs ,

ey
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3. Alternative representations: cluster representation

m Cluster representation: [M. Alford et al., Nucl. Phys. B 602 (2001) 61-86]

m If

Zn(B hg, o hyy) = e PVY (P - 1 HWNhO/ iy (CD)

{b} CeCl[b]
with:
N— N-1
Wiy, (C1) = Zmp(\c\ ¥ b ) = X expliClh).
n=0 n=0
Wiy (Vo) € Ry VVe € {1,...,V} no sign-problem!

Can do importance sampling w.r.t. bond variables b, .

Condition not satisfied for general 11, € C:
N-1 N-1

Wi sg..iy_p (IC) =} exp(|C| Re(h,)) cos(|C| Im(h, ) +i ) exp(|C| Re(h,)) sin(|C| Im(H,))
n=0 n=0

Wi higehiyg o (Vo) € RVVe € {1,...,V }if non-real I, occur in complex-conjugate pairs ,

Wit (Vo) e R, VV € {1,...,V } if in addition purely real h,, which is sufficiently large..

’“'/hN—l
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3. Alternative representations: cluster representation

m Example: case 1 from before,

min 2min

— heZN — |h| eiarg(71)+ N

h

n

— non-real h,, occur in complex conjugate pairs if arg(h) = ”W" withk € Z,
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3. Alternative representations: cluster representation

m Example: case 1 from before,

h, = heblr\/m _ |h| eiarg(71)+271r\,i”

— non-real h,, occur in complex conjugate pairs if arg(h) = an withk € Z,

— if k even : h, with largest real part is purely real = Wy, (Vc) € R, ,

1D system, L =16, 3 =0.8, N =3
N=3, f=0.8, L=16, arg(h)=0. g o
150 — spin :
— cluster Y
1.0 \//__f
- 05 g %
N R
N 00 | 4
=
-05 _: 0.2
cluster: sign-problem gone! f
o ol '
0 1 2 3 4 5 6 7 b
|h| -5 a & 1

Relh

[M. Alford et al., Nucl. Phys. B 602 (2001) 61-86]
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3. Alternative representations: cluster representation

m Example: case 1 from before,

hn _ hebfr\/m _ |h| eiarg(71)+271r\,i”

— non-real h,, occur in complex conjugate pairs if arg(h) = an withk € Z,
— if k even : h, with largest real part is purely real = Wy, (Vc) € R, ,

— if k odd : h,, with largest real part is not purely real = Wy, (V) € R.

1D system, L =16, 3 =0.8, N =3 :
N=3, =0.8, L=16, arg(h)=1.0472 8 o
157 — spin ’
— cluster M
1.0
o 05 kY e
N R
N 00 | 4
=
-05 _Z a2
cluster: sign-problem reduced! f
-1.0 3: o 3
0 1 2 3 4 5 6 7
h| i ; r

Relh
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4. Results: severity of sign-problem in different representations

m Benchmark for sign-problem in different representations:

— how fast does sign-problem develop when approaching first edge-singularity?

Lattice 2017, Granada T. Rindlisbacher & P. de Forcrand Spin models in complex magnetic fields



4. Results: severity of sign-problem in different representations

m Benchmark for sign-problem in different representations:
— how fast does sign-problem develop when approaching first edge-singularity?

2min
m Example, case 1 (1, =he N with arg(h) = &) in 1D:

B=03N=2 B=05N=3
her her
1 L=128 1 — =128
! L=256 | T L=2s8
1 1 L=512 1 | — L=512
A" ' Standard A | — Standard
5 Leenesene Worm 5 !~ Cluster
AT | —+— Cluster ¥ 7o 1
1 i L
1000 | 1000
1
06 08 0. 0.2 0.4 06
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4. Results: severity of sign-problem in different representations

m Benchmark for sign-problem in different representations:

— how fast does sign-problem develop when approaching first edge-singularity?

2min
m Example, case 1 (1, =he N with arg(h) = &) in 1D:

m Free energy difference (full vs. phase-quenched systems) for different representations:

A = L10g(7x) + 1 108(Zy,) =~ og((sion)

— Cluster representation allows to go much closer to edge singularity!

0.08

0.06

Af

Lattice 2017, Granada

B=03,N=2 B=05N=3
her her

L=128 008 | — =128
L=256 | — L=256
L=512 0.06 | — L=512

‘ Standard ! — Standard

: """" Worm 2 0.04 : =4= Cluster

| =—4— Cluster I

; 0.02 T

| |

; 0.00

0.6 0.8 0.2 0.4 0.6

h h

T. Rindlisbacher & P. de Forcrand

Spin models in complex magnetic fields




4. Results: oscillating/non-monotonic two-point functions in 2D

m Connected point-to-point correlation function:
(PEPy). = (PiPy) = (P1)(P,) -

m Direct measurement for case 1 (i’ = 0, h € C) using "cluster algorithm" (improved
estimators):

m forarg(h) = 0 (liquid phase) ,

linear scale log scale
L=32, §=0.3, h=0.35 L=32, §=0.3, h=0.35
0.0001
— mp=0., m=0.6117 fmi=ps117
— mg,1=1.5964, m 1=0.4569 0010 — mg,1=15964, m; 1=0.4569
o 0.00005 ! '
A —5 0001
= A
& 00000 Z 10
S N
I 9 107
v ['%
-0.00005 V46
107
-0.0001
0 5 10 15 20 25 30
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4. Results: oscillating/non-monotonic two-point functions in 2D

m Connected point-to-point correlation function:
+ _ /pt +
<Px Py>c - <PX Py> - <PX><Py> .
m Direct measurement for case 1 (i’ = 0, h € C) using "cluster algorithm" (improved
estimators):

m forarg(h) = 0 (liquid phase) ,

linear scale log scale
L=32, =0.3, h=0.4 L=32, §=0.3, h=0.4
0.0001
— mg=0., m=0.615 mR=0., m=0.615
— mg,1=1.7127, m;,1=0.511 0.010 mR.1=1.7127, m;1=0.511
o 0.00005 ! '
A — 0.001
X A
= X 104
o 0.0000 = 0
S &
I o 107
v ['%
-0.00005 AT
107
-0.0001
0 5 10 15 20 25 30
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4. Results: oscillating/non-monotonic two-point functions in 2D

m Connected point-to-point correlation function:
(PEPy). = (PiPy) = (P1)(P,) -

m Direct measurement for case 1 (i’ = 0, h € C) using "cluster algorithm" (improved
estimators):

m forarg(h) = 0 (liquid phase) ,

m and arg(h) = /N (gaseous & crystalline phases) .

linear scale average sign
L=8, =03, h=0.245 1of
= L=8,d=2,N=3
ot —— mg=0.0997, m;=1.8727 e —— L=16, d=2, N=3
,\Q 0.52 0.6
é 0.50 Y 04
S
o
Vo048 0.2
046 0.0 Y
0.0 0.1 0.2 03 0.4 0.5
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5. Conclusion & outlook

m Conclusion:

m Reviewed different possibilities to couple N-state Potts models to complex external fields.

m Reviewed relation between zeros of partition function and non-monotonic two-point functions.

m While sign-problem in general representation-dependent, it is irreduzible at zeroes of partition function.
m Cluster representation solves many sign-problems and drastically reduces others.

— Even if new representations are found to not completely solve the sign-problem, they might still
drastically reduce it, which should be tested.

m Outlook:

m "Edge singularity benchmark" in higher dimensions.
m Determination of properties of cluster algorithm (auto-correlation time, scalability).

m Better understanding of "crystalline” phase in higher dimensions?
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