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Outline

Calculation of light cone hadron structure directly on
lattice is difficult because,

Euclidean space.
Reduced symmetry (O(4)−> H(4))−→ operator mixing
and the associated power divergences.

Recently proposed Ji’s method is a nice alternative to it.

A yet unexplored technique is to study hadron structure
using lattice QCD using a fictitious heavy quark (Detmold
and Lin, Phys.Rev. D73 (2006)) with primary goal to
calculate parton distribution function.

We extend and explore this method in the context of pion
distribution amplitude.
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OPE in the Euclidean space with a heavy quark

  

Sµν (p,q) =
∫

d4x e iqx 〈π+(p)|T [V
µ
Ψ,ψA

ν
Ψ,ψ ]|0〉

Heavy light currents :

V
µ
Ψ,ψ = Ψγµ ψ +ψγµΨ

A
µ
Ψ,ψ = Ψγµ γ5ψ +ψγµ γ5Ψ
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sµν =Ψ
−i(i /D+ /q)+mΨ

(iD+q)2+m2
Ψ

Ψ+Ψ
−i(i /D− /p− /q)+mΨ

(iD−p−q)2+m2
Ψ

Ψ

OPE of the heavy quark propagator:

Ψ
−i(i /D+ /q)+mΨ

(iD+q)2+m2
Ψ

Ψ = −Ψ
−i(i /D+ /q)+mΨ

D2+q2−m2
Ψ

∞

∑
n=0

(−2iq.D

Q̃2

)n

Ψ

Ψ
−i(i /D+ /q+ /p)+mΨ

(iD+q+p)2+m2
Ψ

Ψ = −Ψ
−i(i /D+ /q+ /p)+mΨ

D2+q2−m2
Ψ

∞

∑
n=0

(−2iq.D

Q̃2

)n

Ψ

Q̃ =Q2−m2
Ψ+αmΨ+β

Scale hierarchy: ΛQCD ,p << |Q|,mψ << a−1
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Higher twist terms? Taylor expanding with respect to (−2iq.D+D2

Q2−m2
Ψ

) =⇒ scales as

(
Λ2
QCD

q2+m2
Ψ
)n.

Usual twist two operators and the twist three pseudo-scalar operators will
contribute:

Oµ1 ..µn = Ψγ{µ1 γ5(iDµ2 ) . . .(iDµn})Ψ−Traces (1)

Oµ1 ..µn = Ψγ5(iD{µ1 ) . . .(iDµn})Ψ−Traces (2)
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Define moments of pion light cone distribution amplitude:

〈π+(p)|Oµ1..µn |0〉= an−1 fπ [pµ1 · · ·pµn −Traces]

Consider µ 6= ν

Sµν = 2i
∞

∑
n=0

(−ξ )n+1

n+1
anfπ

× {4ηC2
n (η)

(pµpν )

p.q
+[−2ηC2

n (η)+(n+1)C1
n+1(η)]

q{µpν}

q2
}

ξ =

√

p2q2

Q̃2
, η =

p.q
√

p2q2

In a more compact form,

Sµν =
∞

∑
n=0

anf (n)

Where f(n) is known as a function of kinematic variables and the Wilson
parameters.

an, α and β can be found by fitting lattice data.
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V ν
h (~xV , τV )

A
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h (~xA, τA)

π†
(

~0, 0
)

Euclidean time
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~pV

A
µ
h (~xA, τA)

V ν
h (~xV , τV )

π†
(

~0, 0
)

Euclidean time

a b

Figure: The three-point function, C
µν
3 (τA,τV ;~pA,~pV ), with the time orderings

τA > τV > 0 (a) and τV > τA > 0 (b). The arrows on the dashed lines indicate the
momentum flow. The thin (thick) lines represent propagators of light (heavy)
quarks.

Cπ(τπ ;~pπ) =
∫

d3xe i~pπ ·~x
〈

0
∣

∣

∣
Oπ(~x ,τ)O

†
π(~0,0)

∣

∣

∣
0
〉

C
µν
3 (τA,τV ;~pA,~pV ) =

∫

d3xA

∫

d3xV

e i~pA ·~xAe−i~pV ·~xV 〈0|T[A
µ
h (~xA,τA)V

ν
h (~xV ,τV )O

†
π(~0,0)]|0〉
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C
µν
3;τA>τV

(τA,τV ;~pA,~pV ) = ∑
n

1

2En

∫

d3xA

∫

d3xV ei~pA ·~xAe−i~pV ·~xV

×
〈

0
∣

∣

∣
A

µ
h (~xA−~xV ,τA− τV )V

ν
h (~0,0) e−i p̂·~xV e−ĤτV

∣

∣

∣
n
〉〈

n

∣

∣

∣
O

†
π(~0,0)

∣

∣

∣
0
〉

=
1

2Eπ
δ~nπ ,~nA−~nV × e−Eπ τV 〈π (~pπ)

∣

∣

∣
O

†
π(~0,0)

∣

∣

∣
0〉

∫

d3x ei~pA ·~x 〈0
∣

∣

∣
A

µ
h (~x ,τA− τV )V

ν
h (~0,0)

∣

∣

∣
π (~pπ)〉.

Therefore, we can form the ratio

R
µν
3;τA>τV

(τA− τV ;~pA,~pπ) =
C

µν
3;τA>τV

(τA,τV ;~pA,~pA−~pπ)

Cπ (τV ;~pπ)
×
〈

π (~pπ)
∣

∣

∣
O

†
π(~0,0)

∣

∣

∣
0
〉

=
∫

d3x ei~pA ·~x
〈

0
∣

∣

∣
A

µ
h (~x ,τA− τV )V

ν
h (~0,0)

∣

∣

∣
π (~pπ)

〉

τA>τV
.
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After some algebra,

∫

dτ R
µν
3;τA>τV

(τA− τV ;~pA,~pπ)e
iq4τ = Sµν(~pπ ,Eπ ;−~pA,−q4)

From the back-side of the correlator:
∫

dτ R
µν
3;τV>τA

(τV − τA;~pA,~pπ)e
iq4τ = Sµν(~pπ ,Eπ ;−~pV ,q4)
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Summary

To maintain the scale hierarchy simulation at very fine
lattice spacing is needed.

Because of the heavy quark simulation is not that
expensive, specially with quenched approximation.

Careful continuum extrapolation needed to fit the data
with the OPE formula.
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