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Results for Nf from Schwinger-Dyson equations, ﬁ—expansion, functional
f

renormalization group, Lattice simulation with staggered and domain wall fermions:
Kim & Kim (1996)
Del Debbio, Hands et al. (1996-1999)
Hands (2016)

Kondo (1995) \ (J
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Hands et al. (2007)
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Gomes et al. (1991) Hong & Park (1994)

Itoh et al. (1995) Janssen & Gies (2012)
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Thirring model in the irreducible representation

Ser = NI <>\/d3x V,.(x)? — Indet (ia+%¢Vu)> with = 523
g
@ Vector field V), is invariant under chiral transformations
= no order parameter for chiral symmetry breaking left on the lattice
@ Free of fermion sign problem for NI > 1

Fierz transformation

(Pavutia)” = =2 (Paths) (Ppvha) — (P¥)°

Sefr = N (/d3 ( trT2+¢)—|ndet(ia+iT+i¢)>

o T = T' and real scalar field ¢ with T — U T Uf
T is an order parameter for chiral symmetry breaking
@ Severe fermion sign problem
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@ Chiral effective potential

@ Strong coupling expansion

© Monte-Carlo simulation results



Chiral effective potential
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Solution: Combine both formulations

@ Parametrize the scalar fields

Tx)= T +T(x)
— ——
Cartan subalgebra rest

@ Calculate the effective potential

1
Ver(T%) =~ 4, |n/DTD¢ e (19 §(T< — T<(x0))

2N NI

= — % InZZami (t,')n R T = t,'Hi

n=0 i=1

© Relate the chiral invariant coefficients a, ; to observables O, ; in the vector
field formulation of the Thirring model



Chiral effective potential - Dual variable formulation

@ Dirac operator d 4+ T+¢ = expand interaction
~—~ ——

free fermions  interaction
@ Partition function as a sum over spin-configurations kj‘,ﬂ € {0,1} with

n, (k) = Ek‘m €{0,1,2}

ZO)=C(\) D ATE det (k) H 6constra.nt ) Wolk) Wak)

aB
W) reduced determinant local constramt function gaussian integrals
o Lattice filling factor
2 Ny
— af ir
k=33 S kP eqo.... 2V N
i=1 a,f=1 x=1

counts how many fermions take part in the non-trivial interaction, i.e.
k=0 & free theory X — co(g — 0)
k=2N"V & strong coupling limit A — 0(g — o0)
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Remarks on this form of the partition function

@ This formulation of the partition function leads to a fermion-bag algorithm

@ It does not solve the sign problem introduced by the Fierz transformation

@ For NiI" = 1 we can solve the sign problem by resummation of certain weights
such that the remaining effective weights are always positive.

Results for k and the chiral condensate for Nj" = 1 with Slac fermions
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Chiral effective potential - Effective potential

Effective potential

N

1 1 o
Ver(T) = S tr T+ Zr T - Z a > ]I (TCaa +otr T°)

neP(l) a=1

e Sum over | = (ng, n1, n2) with n; € N and ng + ny + np = N

e P(I) is the permutation group of all Ni'-tuples with no elements 0, n;
elements 1 and n, elements 2

Nir
@ Observables: o4 = A5 < 1_1 (djal/fa)da>
v

a=1
n

Vol(P(J)) Z

=K 1d with K
a g w Y= Nol(P(1))

n(J) d
deP(/)

with invertable matrix K and moments of the gaussian integrals W, 4



Chiral effective potential - Symmetries and minima

@ Minima of the effective potential at
c 2X Nir
Toin = N diag(z) with ze€Z," = {(&1,+1,...,£1)}
f

Equivalent solutions:
x — —x and permutations, i.e. the Weyl group of U(NI")

@ Distinct solutions are characterized by the trace

tr TS, :n2—>.<

min Nir

f

with 0,2,4,...,Ni" NI even
©11,3,5,..., N NI odd

@ This solutions are associated to a breaking pattern

NI + n

U(Nfir) — U(n+) (9 U(IL) with ny = 5



Chiral effective potential - Symmetries and minima

Verr(T) — Verr(x, n)

n = NI : Gross-Neveu type potential

@ Xmin 70 <& Parity symmetry broken
@ Flavour symmetry unbroken

@ No spontaneous breaking of a continuous chiral symmetry

n =0 : Thirring type potential

@ Only possible for even Ni" = Reducible Thirring model

@ Xmin 70 <& Flavour symmetry broken

U(NE) = U(N{/2) ® U(NE'/2)

@ Parity symmetry unbroken




Chiral effective potential - Example for Nj" =2

For NI" = 2 we obtain

@ Observables
0200 =1, 0020=A"((¢191) (1/_’21/’2»%
0101 =A"" <(¢711/)1)2>V . 0002=A"7 <(¢_)1¢1)2 (7172¢2)2>V

123 123

o Coefficients

1 3 1

2,0,0 L= =2 15\ (0200

a0l |0 1 0 3 00,2,0

a1 0 O % -3 01,0,1
1

a0,0,2 6 0 0 g 00,0,2

o Gross-Neveu type potential
Ve(f;fN(X) = 2X2 —In (327070 + 4 30,270 X2 —+ 8 3170,1 X2 + 16 207072 X4)
@ Thirring type potential

TH 2 2 2 4
Ve (x) = x* — In (2,00 — a0,.2,0 x° + 281,01 X + 30,02 x*)



Strong coupling expansion
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@ Observables o4 do not depend on X (infinite volume)

o (k)y=1 every lattice site is occupied by a fermion

=

@ Strong coupling phase / lattice artefact phase
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Monte-Carlo simulation results
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@ Slac derivative, exact chiral symmetry at finite lattice spacing
@ 200 x N stochastic estimators for the observables

o Lattice sizes from 8 x 72 to 20 x 192

@ 1000 to 10000 configurations

T T T T T
10 |
0.8 |
0.6 |- i _
(k) o
o NE =3
0.4 |- Nf =4
N =5
N}' =7
02 | N — o
N =11
0.0 | 1 1 1

000 005 010 015 020 025
A
Lattice filling factor k € {0,1}



Monte-Carlo simulation results - Lattice artifact phase

Derivate of the lattice filling factor for Ni' = 9 and strong coupling transition
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Monte-Carlo simulation results - Even flavour numbers

d? Vesr(x)

Curvature of the effective potential k = =73

x=0
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No spontaneous chiral symmetry breaking for even flavour numbers
(in the reducible Thirring model)



Monte-Carlo simulation results - Odd flavour numbers

Curvature and phase diagram for odd flavour numbers
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Parity breaking for odd flavour numbers Ni" < 9
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@ We found no spontaneous symmetry breaking in the reducible Thirring model

o For odd flavour numbers Ni" < Ni"° = 9 the irreducible Thirring model shows

spontaneous breaking of parity symmetry

o For NI" =

1 (irreducible Gross-Neveu model) we can solve the sign problem
with dual variables and a fermion bag algorithm for the Slac operator
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