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◮ U(1)A anomalous symmetry

◮ Good chiral properties

◮ Quantized topological charge

◮ Exact index theorem on the lattice



σ and η susceptibilities

◮ The topological effects of the U(1)A anomaly survive in the
high temperature chiral symmetric phase of QCD
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Q
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The free energy density, as a function of θ, has its absolute
minimum at θ = 0 for non-vanishing quark masses.

〈O〉Q=0 = 〈O〉θ=0

In spite of the fact that the Q = 0 topological sector is free from
the U(1)A global anomaly, and spontaneously breaks the U(Nf )A
axial symmetry at T = 0, this equation is compatible with a
massive flavor-singlet pseudoscalar meson in the chiral limit (Phys.
Rev. D 94, 094505 (2016))
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Two-flavour model

◮ T > Tc the SU(2)A symmetry is fulfilled in the ground state
for massless quarks.

◮ 〈S〉 and any order parameter vanishes in the chiral limit.

◮ The infinite lattice volume limit and the chiral limit should
commute.
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Two-flavour model

◮ T > Tc the SU(2)A symmetry is fulfilled in the ground state
for massless quarks.

◮ 〈S〉 and any order parameter vanishes in the chiral limit.

◮ The infinite lattice volume limit and the chiral limit should
commute.

◮ 〈S〉θ=0 = 〈S〉Q=0 =⇒ SU(2)A symmetry is also fulfilled in the
Q = 0 topological sector.



σ and η susceptibilities
Assume χσ(m) is finite

〈S〉θ=0 = 〈S〉Q=0 m→0
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σ and η susceptibilities

χσ (0) = χσ (0)Q=0 =
χσ (0) + χη (0)
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A finite value of χσ (m) in the chiral limit is not compatible with
the survival of the topological effects of U(1)A at high T.



σ and η susceptibilities

χσ (0) = χσ (0)Q=0 =
χσ (0) + χη (0)
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A finite value of χσ (m) in the chiral limit is not compatible with
the survival of the topological effects of U(1)A at high T.
Critical behaviour

〈S〉θ=0 m→0
≈ C (T )m

1
δ

χσ (m) ≈ C (T )
1

δ
m

1−δ

δ

SU(2)A symmetry is not anomalous

χπ̄ (m) =
〈S〉

m
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σ and η susceptibilities

χπ̄ (m) ≈ C (T )m
1−δ

δ

The vector meson δ̄ susceptibility, χδ̄, is bounded by the scalar
susceptibility, χσ

χπ̄ (m)− χδ̄ (m) ≥ χπ̄ (m)− χσ (m) ≈ C (T )
δ − 1

δ
m

1−δ

δ

χπ̄ (m)− χδ̄ (m), which is an order parameter for the U(1)A
symmetry, diverges in the chiral limit
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SU(2)A symmetry is fulfilled T > Tc =⇒ 〈Su〉 = 〈Sd 〉 = 0 in the
chiral limit
QCD with two non degenerate quark flavors: mu,md

◮ mu = 0 md 6= 0 U(1)u anomalous symmetry =⇒ 〈Su〉 6= 0

◮ mu 6= 0 md = 0 U(1)d anomalous symmetry =⇒ 〈Sd〉 6= 0

For non-vanishing quark masses

〈Su,d 〉Q=0 = 〈Su,d〉θ=0

Conclusion: the Q = 0 topological sector, which is not anomalous,
spontaneously breaks the U(1)u axial symmetry at
mu = 0,md 6= 0, and the U(1)d symmetry at md = 0,mu 6= 0.
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◮ The critical chiral equation of state of QCD in the Q = 0
topological sector, which should show a divergent correlation
length at any T > Tc , should be the same as in QCD at
θ = 0 . We expect therefore a continuous finite temperature
chiral transition, and a divergent correlation length for any
T ≥ Tc in the chiral limit.



Phase diagram of QCD in the Q = 0 topological sector

◮ The critical chiral equation of state of QCD in the Q = 0
topological sector, which should show a divergent correlation
length at any T > Tc , should be the same as in QCD at
θ = 0 . We expect therefore a continuous finite temperature
chiral transition, and a divergent correlation length for any
T ≥ Tc in the chiral limit.

◮ Because the symmetry breaking pattern is, in the two flavor
model, SU(2)L × SU(2)R → SU(2)V , the critical equation of
state should be that of the three-dimensional O(4) vector
universality class, which shows a critical exponent
δ = 4.789(6) (M. Hasenbusch, J. Phys. A 34 8221 (2001))
(δ = 3 in the mean field or Landau approach).



Phase diagram of QCD in the Q = 0 topological sector

For Nf ≥ 3 a similar argument on the phase diagram of the Q = 0
sector applies, but the scenario that emerges in this case seems not
plausible because no stable fixed points are expected in the
corresponding Landau-Ginzburg-Wilson Φ4 theory compatible with
the given symmetry-breaking pattern (E. Vicari, Proc.Sci.,
LATTICE2007 (2007) 023).



Conclusions

◮ We have analyzed the physical consequences of assuming that
the topological effects of the U(1)A anomaly persist in the
chiral symmetric phase of QCD at high temperature.

◮ We have shown, in the two-flavour model, that the free
energy density is a singular function of the quark mass m, in
the chiral limit, and that the σ and π̄ susceptibilities diverge
in this limit at any T ≥ Tc .

◮ We have also shown that the difference between the π̄ and δ̄

susceptibilities diverges in the chiral limit at any T ≥ Tc .
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Conclusions

◮ These results can also be obtained from an analysis of the
phase diagram of the Q = 0 sector.

◮ The results for the two-flavor model apply also to Nf ≥ 3
◮ Universality and renormalization-group arguments suggest that

this scenario is not plausible for Nf ≥ 3 because no stable fixed
points are expected in the corresponding
Landau-Ginzburg-Wilson Φ4 theory.
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Kaneko and J. Noaki, arXiv:1612.01908 [hep-lat].
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