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Lattice Evaluation

At zero momentum transfer: G
q
A(Q

2 = 0) → g
q
A g

q
A =

Z
1

0

dx(∆q(x) +∆q̄(x))

Nucleon axial matrix element decomposition: 

hN(p0, s0)|Aq
µ|N(p, s)i / ūN (p0, s0)

✓

γµG
q
A(Q

2)� i
Qµ

2mN

Gq
p(Q

2)

◆

γ5uN (p, s) Aq

µ
= q̄γµγ5q

g
q
A       is a very important quantity which measures the intrinsic quark 

spin contribution to the nucleon and the chiral symmetry breaking.
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✓

γµG
q
A(Q

2)� i
Qµ

2mN

Gq
p(Q

2)

◆

γ5uN (p, s) Aq

µ
= q̄γµγ5q

g
q
A       is a very important quantity which measures the intrinsic quark 

spin contribution to the nucleon and the chiral symmetry breaking.

Three- and two-point functions: G(ts, tins, t0) = hJ(ts)Aµ(tins)J̄(t0)i, C(ts, t0) = hJ(ts)J̄(t0)i

0 0



Lattice  2017Kyriakos Hadjiyiannakou 4

Lattice Evaluation

At zero momentum transfer: G
q
A(Q

2 = 0) → g
q
A g

q
A =

Z
1

0

dx(∆q(x) +∆q̄(x))

Nucleon axial matrix element decomposition: 

hN(p0, s0)|Aq
µ|N(p, s)i / ūN (p0, s0)
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  In the isovector case disconnected quark loop contributions cancel out. 

  In the isoscalar both connected and disconnected contribute. 

  Strange and charm contributions are purely disconnected.

0 0
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Lattice Evaluation

L(f)(tins, ~q) =
X

~xins

Tr
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M−1
f (xins;xins)G

i

ei~q·~xins

Disconnected quark loops are prohibitively expensive               all-to-all propagator
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⇤
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C. McNeile, C. Michael, Phys. Rev. D73 074506 (2006),  0603007

  Estimation of quark loops using stochastic techniques. 

  One-end trick for twisted mass fermions, for axial             generalized version:
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C. McNeile, C. Michael, Phys. Rev. D73 074506 (2006),  0603007

  Estimation of quark loops using stochastic techniques. 

  One-end trick for twisted mass fermions, for axial             generalized version:

 Plateau Method: Assumes just one state dominance, fit to a constant 

 Summation Method:  

 Two-State Method: 

• Takes into account the first excited state. 

• Simultaneous fit to three- and two-point functions.

Rsum

µ (Γν , ~q, ts) ≡

ts−aX

tins=a

Rµ(Γν , ~q, ts, tins) = C + tsM+O(e−∆ts) + · · ·

Study of excited states              three methods: 
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Renormalization

G. Martinelli et. al., Nucl. Phys., B445 (1995), 9411010  

To compare with experimental and phenomenological results, lattice results should be  

renormalized. 

 We perform a non-perturbative calculation.  

 Lattice artifacts were computed perturbatively up to 1-loop. 

 Rome-Southampton* method,  Landau gauge-fixed configurations         vertex functions.
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 We impose the RIMOM condition. 
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Renormalization

0 1 2 3 4 5 6 7

(a p)
2

0.70

0.75

0.80

0.85

0.90

Z
A

 si
n

g
le

t

µ=0.0009

µ=0.003

µ=0.006

C. Alexandrou et al., arXiv: 1705.03399

Vertex functions for three 

pion masses, extrapolation 

    to the chiral limit 

Several values of               , 

      extrapolation in the limit 

(ap)2

(ap)2 → 0



Lattice  2017Kyriakos Hadjiyiannakou 7

Renormalization

0 1 2 3 4 5 6 7

(a p)
2

0.70

0.75

0.80

0.85

0.90

Z
A

 si
n

g
le

t

µ=0.0009

µ=0.003

µ=0.006

0 1 2 3 4 5 6 7

(a p)
2

-0.010

-0.005

0.000

0.005

0.010

Z
A

 si
n

g
le

t  -
 Z

A
 n
o
n

si
n

g
le

t

µ=0.0009

µ=0.003

µ=0.006

The difference between singlet and non-singlet renormalization has been found to be small.

C. Alexandrou et al., arXiv: 1705.03399

Vertex functions for three 

pion masses, extrapolation 

    to the chiral limit 

Several values of               , 

      extrapolation in the limit 

(ap)2

(ap)2 → 0



Lattice  2017Kyriakos Hadjiyiannakou 8

Simulation Details

  Simulations by the ETM collaboration 

  One ensemble of Nf = 2 twisted mass clover improved fermions 

  Lattice size: 483x96 

  Lattice spacing: a = 0.0938(3)(2) fm determined from the nucleon mass 

  mπ = 130 MeV 

  Osterwalder-Seiler fermions for the strange and charm quarks

(ETMC) A. Abdel-Rehim et al. Phys. Rev. D95 094525 (2017), 1507.05068
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Results for the nucleon axial charge

From the plateau method we find:

gA = 1.212(33)(22), g
u+d

A
(Conn.) = 0.595(28)(1)

C. Alexandrou et al., arXiv: 1705.03399



Lattice  2017Kyriakos Hadjiyiannakou 9

Results for the nucleon axial charge

From the plateau method we find:

gA = 1.212(33)(22), g
u+d

A
(Conn.) = 0.595(28)(1)

Disconnected contributions are negative and non-zero. 

g
u+d

A
(Disc.) = −0.150(20)(19), g

s

A = −0.0427(100)(93)

Charm tends to be negative but it is noisy.

C. Alexandrou et al., arXiv: 1705.03399
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Results for GA and Gp isovector case

C. Alexandrou et al., arXiv: 1705.03399

Fitting using dipole form: GA(Q
2) =

gA
⇣

1 + Q2

m2

A

⌘2

Our results are higher than the experimental  

results from pion electroproduction, 

but in agreement with recent results from  

charged-current muon-neutrino scattering 

events (MiniBooNE experiment).

A. Liesenfeld et al. Phys. Lett. B468 (1999)

A. A. Aguilar-Arevalo et al. Phys. Rev. D81 092005 (2010)
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Our results are higher than the experimental  

results from pion electroproduction, 

but in agreement with recent results from  

charged-current muon-neutrino scattering 

events (MiniBooNE experiment).

A. Liesenfeld et al. Phys. Lett. B468 (1999)

A. A. Aguilar-Arevalo et al. Phys. Rev. D81 092005 (2010)

Fitting using pion pole: Gp(Q
2) = GA(Q

2)
4m2

N

(Q2 +m2
π
)

Few experimental results S. Choi et al. Phys. Rev. Lett. 71 3927 (1993)

Direct lattice results for Gp rise slowly compared 

to experimental.

Lattice results using pion pole prediction are 

in agreement with the experimental.
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Disconnected contributions to GA and Gp 

For the disconnected, one can produce more intermediate Q2 points without additional cost. 

Dipole and pion pole forms are model dependent. 

One can use the z-expansion (model independent). R. J. Hill,  G. Paz, Phys. Rev. D84 073006 (2011)

G(Q2) =
X

k

akz(Q
2)k, z(Q2) =

p

tcut +Q2
−

√

tcut
p

tcut +Q2 +
√

tcut
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Disconnected contributions to GA and Gp 

  Light and strange disconnected contributions to nucleon axial form factors have been computed  

accurately on a physical pion mass. 

  The light disconnected contribution to the induced pseudoscalar form factor is large and negative.

For the disconnected, one can produce more intermediate Q2 points without additional cost. 

Dipole and pion pole forms are model dependent. 

One can use the z-expansion (model independent). R. J. Hill,  G. Paz, Phys. Rev. D84 073006 (2011)
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Total contributions to GA and Gp 

Disconnected contributions are important in 

order to bring agreement with          

experimental. 

Adding connected and disconnected makes 

the isoscalar axial form factor flatter. 

The strange contribution is about two times  

    smaller than one light quark contribution.

g
u+d

A

C. Alexandrou et al., arXiv: 1705.03399
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Total contributions to GA and Gp 

Disconnected contributions are important in 

order to bring agreement with          

experimental. 

Adding connected and disconnected makes 

the isoscalar axial form factor flatter. 

The strange contribution is about two times  

    smaller than one light quark contribution.

g
u+d

A
Results for          connected are steep.  

Results for          disconnected are also steep  

coming with a difference sign compared 

    to the connected. 

The total behavior shows a weak Q2-dependence. 

G
u+d
p

G
u+d
p

C. Alexandrou et al., arXiv: 1705.03399
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Comparison of GA and Gp strange with other study

Results for               in good agreement except 

for small Q2. 

 Results for             , smaller in magnitude.

Gs

A(Q
2)

Gs

p
(Q2)

Ncnfs ∼ 2000 ∼ 1000

Nsrc 100 96
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Conclusions and future work

                 is compatible with the recent MiniBooNE experiment.  

  The direct computation of the                 shows a weak Q2 - dependence, whereas 

the result from pion pole dominance is compatible with the experimental results. 

  The difference between the non-singlet and singlet axial renormalization factor is 

found to be small. 

  Disconnected contributions to axial and induced pseudoscalar form factors have 

been computed on a physical pion mass.   

                  disconnected is negative as well as the              . 

                 disconnected is large negative with same magnitude as the connected.  

              is found negative and non-zero.

Gu−d

A
(Q2)

Gu−d
p (Q2)

Gu+d

A
(Q2) Gs

A(Q
2)

Gu+d
p (Q2)

Gs

p
(Q2)

Conclusions:
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Conclusions:

Future Work:

 Evaluation of disconnected contributions using a Nf = 2+1+1 physical ensemble. 

 Further study of noise reduction techniques.
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Backup Slides

Rµ(Γν , ~q; ts, tins) =
Gµ(Γν , ~q; ts, tins)

C(Γ0,~0; ts)

s

C(Γ0, ~q; ts − tins)C(Γ0,~0; tins)C(Γ0,~0; ts)

C(Γ0,~0; ts − tins)C(Γ0, ~q; tins)C(Γ0, ~q; ts)
−→ Πµ(Γν , ~q)

Gµ(~q, ts, tins) = A00(~q)e
−E0(~0)(ts−tins)−E0(~q)tins +A01(~q)e

−E0(~0)(ts−tins)−E1(~q)tins

+ A10(~q)e
−E1(~0)(ts−tins)−E0(~q)tins +A11(~q)e

−E1(~0)(ts−tins)−E1(~q)tins

M =
A00(~q)

q

c0(~0)c0(~q)
.

C(~q, ts) = c0(~q)e
−E0(~q)ts + c1(~q)e

−E1(~q)ts
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This work Experiment
gA 1.212(33)(22) 1.2723(23)

g
u+d

A
(Conn.) 0.595(28)(1) -

g
u+d

A
(Disc.) -0.150(20)(19) -

g
u+d

A
0.445(34)(19) 0.416(18)

g
u

A
0.827(30)(5) 0.843(12)

g
d

A
-0.380(15)(23) -0.427(12)

g
s

A
-0.0427(100)(93) -

g
c

A
-0.00338(188)(667) -

Form factor mA [GeV] hr2
A
i [fm2] χ

2/d.o.f

G
u−d

A
1.322(42)(56) 0.266(17)(7) 0.35

G
u+d

A
1.736(244)(374) 0.155(43)(96) 0.64

Gs

A
0.823(175)(112) 0.687(292)(155) 0.30


