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Overview

Isovector Form factors, charges, charge radii, magnetic moment

〈N(~pf )|Aµ(~Q)|N(~pi )〉 = u(~pf )

[
GA(Q

2)γµ + qµ
G̃P(Q

2)

2M

]
γ5u(~pi )

q = pf − pi , Q2 = −q2 = ~p2f − (E −M)2, ~pi = 0

〈r 2A〉 = −6
d

dQ2

(
GA(Q

2)

GA(0)

)∣∣∣∣
Q2=0

, GA(0) ≡ gA

〈N(~pf )|Vµ(~q)|N(~pi )〉 = u(~pf )

[
F1(Q

2)γµ + σµνqν
F2(Q

2)

2M

]
u(~pi )

GE (Q
2) = F1(Q

2)−
Q2

4M2
F2(Q

2) → 〈r 2E 〉, GE (0) ≡ gV

GM(Q2) = F1(Q
2) + F2(Q

2) → 〈r 2M〉

GM(0)

GE (0)
= µ = 1 + κ, (µ = µp − µn, κ = κp − κn)
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PCAC: 2 independent FF

〈N(~pf )|Aµ(~Q)|N(~pi )〉 = u(~pf )

[
GA(Q

2)γµ + qµ
G̃P(Q

2)

2MN

]
γ5u(~pi )

q = pf − pi , Q2 = −q2 = ~p2f − (E −M)2, ~pi = 0

〈N(~pf )|Pµ(~q)|N(~pi )〉 = u(~pf )
[
GP(Q

2)γ5
]
u(~pi )

2m̂GP(Q
2) = 2MNGA(Q

2)−
Q2

2MN

G̃P(Q
2) [PCAC]

Pion pole dominance hypothesis: 1 independent FF

mµ

2MNgA
G̃P(Q

2) =
mµ

2MNgA

[
4M2

N

Q2 +M2
π

]
GA(Q

2)

g
∗

P ≡
mµ

2MN

G̃P(Q
∗ 2) , Q

∗ 2 ≡ 0.88m2
µ [µ− + p → νµ + n]

gπNN = lim
Q2

→−M2
π

M2
π + Q2

4MNFπ
G̃P(Q

2) , gπNN =
MNgA

Fπ
(Goldberger-Treiman)
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Lattice Setup

Clover on Nf = 2 + 1 + 1 HISQ

Ensemble ID a (fm) Msea
π (MeV) Mval

π (MeV) L3 × T Mval
π L tsep/a Nconf NHP

meas NAMA
meas

a12m310 0.1207(11) 305.3(4) 310.2(2.8) 243 × 64 4.55 {8, 10, 12} 1013 8104 64,832

a12m220L 0.1189(09) 217.0(2) 227.6(1.7) 403 × 64 5.49 {8, 10, 12, 14} 1010 8080 68,680

a09m310 0.0888(08) 312.7(6) 313.0(2.8) 323 × 96 4.51 {10, 12, 14} 881 7048

a09m220 0.0872(07) 220.3(2) 225.9(1.8) 483 × 96 4.79 {10, 12, 14} 890 7120

a09m130 0.0871(06) 128.2(1) 138.1(1.0) 643 × 96 3.90 {10, 12, 14} 883 7064 60,044

a06m310 0.0582(04) 319.3(5) 319.6(2.2) 483 × 144 4.52 {16, 20, 22, 24} 1000 8000 64,000

a06m220 0.0578(04) 229.2(4) 235.2(1.7) 643 × 144 4.41 {16, 20, 22, 24} 650 2600 41,600

a06m135 0.0570(01) 135.5(2) 135.6(1.4) 963 × 192 3.7 {16, 18, 20, 22} 322 1610 51,520

Clover on Nf = 2 + 1 Clover

Ensemble ID a (fm) Mπ (MeV) L3 × T MπL tsep/a Nconf NHP
meas NAMA

meas

a127m285 0.127(2) 285(3) 323 × 96 5.85 {8, 10, 12, 14} 1000 4020 128480

a094m280 S5S5 0.094(1) 278(3) 323 × 64 4.11 {10, 12, 14, 16, 18} 1005 3015 96480

a094m280 S7S7 {10, 12, 14, 16, 18}

a094m280 S9S9 {8, 10, 12, 14, 16}

a091m170 0.091(1) 166(2) 483 × 96 3.7 {8, 10, 12, 14, 16} 629 2516 80512

a091m170L 0.091(1) 172(6) 643 × 128 5.08 {8, 10, 12, 14, 16} 467 2335 74720
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Correlator Fits: 2-pt
two versus four states fit

C
2pt(t, p) = |A0|

2
e
−E0t + |A1|

2
e
−E1t + |A2|

2
e
−E2t + |A3|

2
e
−E3t + · · ·

plot effective mass from fits and data

Eeff(t) = log
C2pt(t)

C2pt(t + 1)
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We now use 4-state fits.
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Correlator Fits: Aµ 3-pt

Results obtained by using following fit.

C
(3pt)
Γ (t; τ ; p′, p) = |A′

0||A0|〈0
′|OΓ|0〉e

−E0t−M0(τ−t) + |A′

1||A1|〈1
′|OΓ|1〉e

−E1t−M1(τ−t)

+ |A′

0||A1|〈0
′|OΓ|1〉e

−E0t−M1(τ−t) + |A′

1||A0|〈1
′|OΓ|0〉e

−E1t−M0(τ−t)

Data is displayed using the following ratio.

RΓ(t, τ, p
′, p) =

C
(3pt)
Γ (t, τ ; p′, p)

C (2pt)(τ, p′)
×

[
C (2pt)(t, p′)C (2pt)(τ, p′)C (2pt)(τ − t, p)

C (2pt)(t, p)C (2pt)(τ, p)C (2pt)(τ − t, p′)

]1/2

Γ : γ5γ1(Im) γ5γ2(Im) γ5γ3(Im) γ5(Re)

→ q1q3G̃P , −q2q3G̃P , −q
2
3G̃P + 2M(M + E)GA , q3GP

a06m135 , tskip = 6 ,n
2 = 0

τ :∞ 16 18 20 22
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2 = 2
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Controlling Excited State Contribution to 〈N |Aµ|N〉
a06m135 , tskip = 6 ,n

2 = 2

τ :∞ 16 18 20 22

1.0

1.1
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1.3

-12 -10 -8 -6 -4 -2 0 2 4 6 8 10 12

a06m135 , tskip = 6 ,n
2 = 5

τ :∞ 16 18 20 22
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-12 -10 -8 -6 -4 -2 0 2 4 6 8 10 12

a06m135 , tskip = 6 ,n
2 = 8

τ :∞ 16 18 20 22
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a06m135 , tskip = 6 ,n
2 = 10

τ :∞ 16 18 20 22
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ImR53, q3 = 0 → GA(Q
2)

a06m135 , tskip = 6 ,n
2 = 2

τ :∞ 16 18 20 22
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a06m135 , tskip = 6 ,n
2 = 5

τ :∞ 16 18 20 22
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a06m135 , tskip = 6 ,n
2 = 8

τ :∞ 16 18 20 22
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a06m135 , tskip = 6 ,n
2 = 10

τ :∞ 16 18 20 22
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ImR51 → G̃P (Q
2)

a06m135 , tskip = 6 ,n
2 = 2

τ :∞ 16 18 20 22
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Fitting Q2 dependence of the Axial Form Factor
dipole

GA(Q
2) =

GA(0)

(1 + Q2/M2
A
)2

=⇒ 〈r2A〉 =
12

M2
A

z-expansion w/o sumrule constraints QnGA(Q
2) → 0

GA(Q
2)

GA(0)
=

∞∑

k=0

akz(Q
2)k , z =

√
tcut + Q2 −√

tcut + t0√
tcut + Q2 +

√
tcut + t0

,

kmax∑

k=n

k(k − 1) . . . (k − n + 1)ak = 0 n = 0, 1, 2, 3 (sumrule)

0.4

0.6

0.8

1

1.2

1.4

0 0.2 0.4 0.6 0.8 1

G
A

Q2(pi)

t0 = 0.12

a06m135

dipole (D)

z2

z3

z4

z2+4

z3+4

z4+4

0.4
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0.9

D z2 z3 z4 z2+4 z3+4 z4+4

r A
[f
m
]

2 sin(pi/2)
pi
sin(pi)
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Axial Charge Radius 〈r2A〉: dipole versus z2+4

〈r2A〉 =d0 + d1a+ d2M
2
π + d3M

2
πe

−MπL
〈r
2 A
〉
[f
m
2
]

a [fm]

a12m310
a12m220L
a09m310
a09m220

a09m130
a06m310
a06m220
a06m135

extrap.
a extrap.
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0.20

0.25
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〈r
2 A
〉
[f
m
2
]

M
2
π [GeV

2]
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〈r
2 A
〉
[f
m
2
]
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〈r
2 A
〉
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2
]

M
2
π [GeV
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GA: Clover-on-HISQ versus Clover-on-Clover

a → 0 , Mπ → 135 MeV extrapolation

〈r2
A
〉 with FV without FV

dipole 0.24(3) 0.23(2)
z2 0.22(4) 0.20(3)
z2+4 0.19(4) 0.17(3)
z3 0.23(6) 0.18(4)
z3+4 0.24(7) 0.18(5)
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Induced Pseudoscalar Form Factor G̃P

mµ

2MN

G̃P (Q
2)

gA
=

mµ

2MN

[
4M2

N

Q2 +M2
π

]
GA(Q

2)

gA
: pion pole dominance

≈ c0

Q2 +M2
π

+ c1 + c2Q
2 : fit

0

1

2

3

4

0.0 0.2 0.4 0.6 0.8 1.0

(m
µ
/
2
M
N
)G̃
P
/
g
A

Q2 [GeV2]

a06m310, g̃∗P /gA = 1.600(081)[0.310]
a06m220, g̃∗P /gA = 2.111(070)[1.359]
a06m135, g̃∗P /gA = 3.471(146)[3.167]

1

2

3

4

5

0.0 0.2 0.4 0.6 0.8 1.0

(Q
2
+
M
2 π
)G̃
P
/
g
A
[G
eV
2
]

Q2 [GeV2]

a06m310
a06m220
a06m135

c0 × (2MN/mµ) [GeV2] c1 × (2MN/mµ) c2 × (2MN/mµ) [GeV−2]
a06m310 3.94(27) -1.85(82) -0.10(62)
a06m220 2.64(12) 0.93(61) -2.54(84)
a06m135 1.66(09) 3.84(63) -6.4(1.1)

Pion pole dominance does not work as the Mπ → 135 MeV
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g ∗
P and gπNN from fits to G̃P(Q

2)

for each ensemble:

g∗

P ≡ mµ

2MN

G̃P (0.88m
2
µ)

g
∗ P
/
g
A

M2π [GeV
2]

a12m310
a12m220L
a09m310
a09m220
a09m130
a06m310
a06m220
a06m135
extrap.

1.0

2.0

3.0

4.0

0.02 0.04 0.06 0.08 0.1 0.12

gπNN = lim
Q2

→−M2
π

M2
π + Q2

4MNFπ
G̃P

g
π
N
N
/
g
A

M2π [GeV
2]

a12m310
a12m220L
a09m310

a09m220
a09m130
a06m310

a06m220
a06m135
extrap.

2.0

4.0

6.0

8.0

10.0

12.0

14.0

0.02 0.04 0.06 0.08 0.1 0.12

gπNN =
MNgA

Fπ
[GT]

M
N
g
A
/
F
π

M2π [GeV
2]

a12m310
a12m220L
a09m310

a09m220
a09m130
a06m310

a06m220
a06m135
extrap.

12.0

13.0

14.0

0.02 0.04 0.06 0.08 0.1 0.12

extrapolation to a → 0 , Mπ → 135MeV:

g
∗

P/gA =
h0

0.88m2
µ +M2

π

+ h1 + h2a+ h3M
2
π → 3.48(14)

gπNN/gA = d1 + d2a+ d3M
2
π → 4.53(45)

from fit g
∗

P = 4.44(18) 8.06(55) [Mucap], 8.29+0.24
−0.13 ± 0.52 [χPT]

from fit gπNN = 5.78(57) 13.69± 0.12± 0.15 [πNscattering lenght]

from GT gπNN = 12.87(34) 13.00 [gA = 1.276,MN = 939 MeV,Fπ = 92.2 MeV]
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Testing PCAC: 2m̂GP(Q
2) = 2MNGA(Q

2)− Q2

2MN
G̃P(Q

2)

0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

0.0 0.2 0.4 0.6 0.8 1.0

Q2 [GeV2]

a06m135

R1

R2

R1 + R2
R3

R4

R5

R1 =
Q2

4M2
N

G̃P (Q
2)

GA(Q2)

R2 =
2m̂

2MN

GP (Q
2)

GA(Q2)

R3 =
Q2 +M2

π

4M2
N

G̃P (Q
2)

GA(Q2)

R4 =
4m̂MN

M2
π

GP (Q
2)

G̃P (Q2)

R5 =
aQ2

4MN

GP (Q
2)

GA(Q2)

R1 + R2 = 1 tests PCAC relation.
⇒ Q2 → 0, deviation from 1 increases.

R3 = 1 tests pion-pole dominance hypothesis.
⇒ Q2 → 0, it remains close to the PCAC R1 + R2.

R3 = 1 is provided R4 = 1 if PCAC is satisfied.

R1 → R1 + 2cAR5 by the O(a) improvement of Aµ.
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O(a) improvement of Aµ does not fix PCAC.

0.0
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Q2 [GeV2]

a06m135

RI
1

RI
1
+ R2

RI
3

RI
4

R1 =
Q2

4M2
N

G̃P (Q
2)

GA(Q
2)

−→ R
I
1 =

Q2

4M2
N

G̃
I
P (Q

2)

GA(Q
2)

R3 =
Q2 + M2

π

4M2
N

G̃P (Q
2)

GA(Q
2)

−→ R
I
3 =

Q2 + M2
π

4M2
N

G̃
I
P (Q

2)

GA(Q
2)

R4 =
4m̂MN

M2
π

GP (Q
2)

G̃P (Q
2)

−→ R
I
4 =

2m̂2MN

M2
π

GP (Q
2)

G̃
I
P (Q

2)

R2 =
2m̂

2MN

GP (Q
2)

GA(Q
2)

, R5 =
aQ2

4MN

GP (Q
2)

GA(Q
2)
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Vector Form Factors GE (Q
2),GM(Q

2)
Results obtained by using following fit.

C
(3pt)
Γ (t; τ ; p′, p) = |A′

0||A0|〈0
′|OΓ|0〉e

−E0t−M0(τ−t) + |A′

1||A1|〈1
′|OΓ|1〉e

−E1t−M1(τ−t)

+ |A′

0||A1|〈0
′|OΓ|1〉e

−E0t−M1(τ−t) + |A′

1||A0|〈1
′|OΓ|0〉e

−E1t−M0(τ−t)

Data is displayed using the following ratio.

RΓ(t, τ, p
′, p) =

C
(3pt)
Γ (t, τ ; p′, p)

C (2pt)(τ, p′)
×

[
C (2pt)(t, p′)C (2pt)(τ, p′)C (2pt)(τ − t, p)

C (2pt)(t, p)C (2pt)(τ, p)C (2pt)(τ − t, p′)

]1/2

Γ : γ1(Re) γ2(Re) γ1(Im) γ2(Im) γ3(Im) γ4(Re)

→ − q2GM , q1GM , q1GE , q2GE , q3GE , (M + E)GE

a06m135 , tskip = 6 ,n
2 = 0

τ :∞ 16 18 20 22
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1.1

-12 -10 -8 -6 -4 -2 0 2 4 6 8 10 12

R4, n
2 = 0

a06m135 , tskip = 6 ,n
2 = 2

τ :∞ 16 18 20 22

0.8

0.9

1.0

-12 -10 -8 -6 -4 -2 0 2 4 6 8 10 12

R4, n
2 = 2
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Controlling Excited State Contribution to 〈N |Vµ|N〉
a06m135 , tskip = 6 ,n

2 = 2

τ :∞ 16 18 20 22
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Q2 Fits to Electromagnetic Form Factors
dipole

GA(Q
2) =

GA(0)

(1 + Q2/M2
A
)2

=⇒ 〈r2A〉 =
12

M2
A

z-expansion w/o sumrule constraints

GA(Q
2)

GA(0)
=

∞∑

k=0

akz(Q
2)k , z =

√
tcut + Q2 −√

tcut + t0√
tcut + Q2 +

√
tcut + t0

,

kmax∑

k=n

k(k − 1) . . . (k − n + 1)ak = 0 n = 0, 1, 2, 3 .
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Electric Charge Radius 〈r2E 〉: dipole versus z2+4

〈r2E 〉 =d0 + d1a+ d2M
2
π + d3M
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GE : Clover-on-HISQ versus Clover-on-Clover

a → 0 , Mπ → 135 MeV extrapolation

〈r2
E
〉 with FV without FV

dipole 0.53(03) 0.55(02)
z2 0.61(05) 0.63(04)
z2+4 0.60(07) 0.61(06)
z3 0.72(09) 0.71(07)
z3+4 0.88(13) 0.89(11)
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Magnetic Charge Radius 〈r2M〉: dipole versus z2+4

〈r2M〉 =d0 + d1a+ d2M
2
π + d3M
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Magnetic Moment µp − µn: dipole versus z2+4

〈µ〉 =d0 + d1a+ d2M
2
π + d3M
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GM: Clover-on-HISQ versus Clover-on-Clover

a → 0 , Mπ → 135 MeV extrapolation

〈r2
M
〉 with FV without FV

dipole 0.45(04) 0.44(03)
z2 0.52(08) 0.51(06)
z2+4 0.28(17) 0.30(16)

µp − µn with FV without FV
dipole 3.63(17) 3.51(11)
z2 3.56(21) 3.45(14)
z2+4 3.32(30) 3.24(21)
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Summary

rA = 0.47(7)(5) fm , MA = 1.46(27) GeV from z−expansion fit

rA = 0.49(3) fm , MA = 1.39(8) GeV from dipole fit

MA is larger than phenomenology 1.026(21) (ν, ν̄ scattering),
1.069(16) (Electroproduction), and 1.00(24) (Deuterium) but
consistent with the miniBooNE result 1.35(17) GeV.

g∗
P and gπNN from the extrapolation of G̃P(Q

2) are significantly
smaller than the phenomenology.

Three FFs GA, G̃P , GP do not satisfy PCAC relation.
→ need to understand it

rE , rM , µ are smaller than the phenomenology.

Dipole ansatz is surprisingly good.

Estimates from dipole and z-expansion are consistent.

Fits to GM are the least stable.
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Thank you for your attention.

Thanks for computing reasource allocations at
NERSC, USQCD-Fermilab, and LANL and

ALCC allocation on TITAN at OLCF

Yong-Chull Jang (LANL) Nucleon Form Factors (LATTICE 2017) June 19 24 / 24


	Closing

